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Abstract

Kac-Moody Lie algebras are infinite-dimensional Lie algebras whose representation
theory is very similar to those of simple Lie algebras. Kac-Moody Lie algebras are of three
types, namely finite type, indefinite type, and affine type based on the characteristics of
the generalized Cartan matrix. Here we work with affine Kac-Moody algebras which are
algebraic structures with determinant value of its generalized Cartan matrix zero. In
this paper, we give a brief description of the root systems and the Dynkin diagrams of
untwisted and twisted Kac-Moody algebras. Finally, we have calculated the irreducible
representations of two affine untwisted and twisted Kac-Moody Lie algebras, namely Aél)

and AéZ) by first-order differential operators. Our results have potential implementations
in two-dimensional conformal field theory, string theory, supersymmetric gauge theory,
and many others.
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Introduction and Literature Survey

@ Kac [1] and Moody [2], in the year 1967, independently pioneered the
development of a new class of infinite-dimensional Lie algebras, now referred
to as Kac-Moody Lie algebras.

@ In 1990, Kac published [3] a book, infinite-dimensional Lie algebras where he
described the classification, structure and representations of all
infinite-dimensional Lie algebras.

@ The study of irreducible representations of these Kac-Moody Lie algebras
helps in deeper understanding of the symmetries, physical properties, and
mathematical structures associated with it.

@ In 2022, Morozov et al. gave an algorithm for all the irreducible
representations of simple Lie algebras by differential operators [4].

@ We describe here a method to calculate the irreducible highest weight
representation of affine Kac-Moody algebra using differential operators by
considering two examples untwisted Kac-Moody algebra Agl) and twisted

Kac-Moody algebra Agz) .
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Keywords

Generalized Cartan matrix [3]

We call a matrix A = (aj)ije{1,...,n} is @ generalized Cartan matrix (GCM) or a
Kac-Moody Cartan matrix if it satisfies:

Q a; < O0fori#j;
Q a;i=2fori=1,...,n
e a,-J-:OifFaj,-:O.
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Keywords

Kac-Moody algebras [3]

Suppose A be a GCM of rank r, then for every A, there exists a unique up to
isomorphism a realization of A, that is a triple (b, 1, ") where b is a complex
vector space, M= {ay,...,ap,} Ch* and MY = {ay,...,a)} Cb.

Let gaux(A) denote the associated auxiliary Lie algebra defined by the generators
ei, f; and h; € h and having relations

[hi, hj] =0 [ade]' "% e; =0
[hi ] = aije; [adg]' = f; =0
[hi, fi] = —ayf;
[ei, ] = dijh;
for i,j=1,...,n. Then there exists an embedding f) — gaux(A). Assume I to be

the maximal ideal of gaux(A) that intersects b trivially, that is, / N'h = 0.
Define a quotient algebra, g(A) := gaux(A)//. The Lie algebra g(A) is known as
the Kac-Moody algebra associated with GCM A.
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Keywords

Types of Kac-Moody algebras [3]

The Kac-Moody algebras are divided into three classes:
@ Finite: if the GCM is positive definite.
@ Affine: if the GCM is positive semi-definite.
@ Indefinite: if the GCM is neither positive definite nor positive semi-definite.
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Keywords

Chevalley-Serre relations

Let A= (aj)ije{o,...,n} be the GCM of Kac-Moody algebra g(A) having rank r.
Then g(A) can be constructed from a 3(r + 1) Chevalley basis consisting of h, e;,
and f;, where i = 0,..., r, which satisfies the following Cartan-Chevalley
commutation relations:
[hi,hj] =0
[h/" eJ] = a’jej (1)
[hi, fi] = —af;
lei, ] = diih;.
Also, these generators satisfy the following Serre relations:
[ade]' "% e; = 0 )
[ads] £, = 0.
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Keywords

Highest weight representation [5]

Let p: g(A) — End(V) be a representation of a Kac-Moody algebra g(A) on a
vector space V over C, and let A be a linear functional on the Cartan subalgebra §
of g(A). Then the weight space of V with weight A is the subspace V) given by:

Vio={v e V:p(H)(v)=AH)v|VH € ph}.

o A weight of the representation V is a linear functional A such that the
corresponding weight space V) is nonzero.

@ The nonzero elements of the weight space are called weight vectors.

@ A weight X for representation p is said to be the highest weight if for all
weights Ax of p, A > Ag.

@ An irreducible highest weight representation is uniquely determined by its
highest weight.
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Representation of A3’

The affine untwisted Kac-Moody algebra A has rank 2 and infinite dimension.

The GCM of A is
2 -1 -1
Aj=|-1 2 -1
-1 -1 2

for i,j = 0,1,2. The positive root system A, of A(Ql) is
{a1,az,a1 + az,nd £ a1, nd £ ap,nd + (aq + a2),nd | n=1,2,...}.

The simple roots of Agl) is {a, a1, ap } described as

ap = —(a1 + az) + 9,
] =€&1 — &2, (3)

Qp = &9 — €3.

where {a1,az} are the simple root of Lie algebra A, = sl3.
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Representation of A3’

The Dynkin diagram for A is

Qo

VAN

a1 Qa2

e The Agl) is generated by elements {ey, e1, €2, fo, f1, 2, ho, h1, ho} where
{eo, fo, ho} are the affine Chevalley generators of Agl).
@ Representations are determined by its highest weight .

@ As rank of Ay is 2, so its representation is described by two Dynkin labels
(A1, A2).

@ The algebra has three positive root generators ey, e, e3 = [e1, €;] and three
negative root generators fi, f, 3 = [f, fi].

@ Of them, the simple roots of A are {e1, e, 1, }.
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Representation of A3’

A method is described to construct the representation of Agl) using differential
operators which is derived from [4].

@ STEP 1: The number of variables required for representation of Agl) is
A= %(dim A, — rank Ay) = 3. Then set of variables are {Xi, X5, X5}. The
two simple positive and negative root generators have the form as:

0 0 0
= A+ Ay
U= ox T M2ax, T,
0 0 0

Y VT W
2= g Y ox, T Bax,

, 0 ) ) (4)
i=MX1—X{"— + Bjp—— + Bjz——
1 141 1 8X1+ 128X2+ 138X3

0 5 0 0
o = Ao X Byi—— — X5 —— + Boz——.
= X Xo + 216X2 2 6X2+ 238X3

where A;; and Bj; are polynomial functions.
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Representation of A3’

@ STEP 2: Here, the highest vectors are set to 1:

Here we assume i = 3= rank (A2)+1=|A.|. So, we have to set some state
to be Xz. Possible yet undefined candidates are f3|0); or f3]0),. They are
both acceptable since all states e;f; |0); are already defined:

efz[0); = £10); =0 eif3|0), = £[0), = X2 (5)
ef]0); = -f[0); = X ef3]0), = —f10), =0 (6)
6‘3f3|0>1 = |0>1 =1 e37(3‘0>2:*|0>2 =-1 (7)

Assuming f3|0), = X3, while f3|0); is determined uniquely at the following
stages of the algorithm.
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Representation of A3’

@ STEP 3: To find the form of e;, e; we use the actions of the corresponding
operators. We use the following conditions:

et ]0), = = Ap(X) = (8)
e1f3]0), = —f2 0), ==Xz = Ais(X) = 9)
ef]0); = = Axn(X) = (10)
ef;]0), = = Axs(X) = (11)
We have completely determined the positive simple roots:

0 0
= - X 12
CTx o (12)

0

= — 13
e = 3% (13)
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Representation of A3’

@ STEP 4: Here we determine f3|0); by solving following system of equations:

ef3|0); = £[0); =0
ef3|0); = —f[0); = —

esf3[0); = [0); =

0X1

~ X5 )(510)) = 0
= () (B 10)) = X,
= (55 )(610)) =

The answer to this system reads: £3]0); = X3 + X1 X>.
o STEP 5: In this step, we find Bj; by following operations.

fi(%20),

f(f310),
)
)

f(f110),

)
)
)
f(f310),)

0
]10)1 = X3 + X1.X;
0

= Bjp(X) =

= Bi3(X) =

= By (X) = X3 + X1 X
= By(X) = —Xo X3
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Representation of A3’

@ STEP 6: The representation of simple negative root operators of Agl) are

0 0
fi=MXi — XP = X - X350 % (21)
0 0 0 0
fr=XaXo — X3 = % + X355 X + X1 Xo 5 X X2X387X3 (22)

where the non-simple roots are e3 = [e1, &2] and 5 = [, f1].

@ STEP 7: We consider the affine Chevalley generators of Agl) as the following:

€ = _f3a
ho = [eo, fo).
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Representation of A3’

1)

Therefore, the representation of the affine untwisted Kac-Moody algebra A,
generators via differential operators is:
d , 0
e =— A1 X3 — A1 X1 Xo — Ao X X{Xo + X1 X XoXz— + X 24
1X3 — A X1 Xo 23+(12+13) +23BX+38X (24)
1o}
PR 25
T ax (25)
0 0 0
hp=—A A X Xo— +2X3— 26
0 1— A2+ 1(9 + 28X+ 38X3 (26)
0 1o}
— - X 27
DX Poxs (27)
0 0
=X — X2 — Xz 28
T, T P ax, (28)
o
_ 29
% (29)
o] o o]
fr =X Xo + (X3 + X1 X0) —— — X3 — XoX3——. 30
H =X X2 + (X3 + 12)8X1 2ox, %, (30)
All these representations satisfy the Chevalley-Serre commutation relations given
in (1) and (2).
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Representation of Ay”

The affine twisted Kac-Moody algebra Ag2) has rank 1. The GCM of A(22) is

2 -1
Ay = [—4 2]
for i,j = 0,1. The two simple root of Agz) is o and «f. The positive root system
() .
Ay of Ay is

{2na’} + nag, 4naj + (2n — 1)ag, 4(n — 1)ag + (2n — D)oy, (2n — 1)
+ nag,(2n—1)aj + (n—Dag | n=1,2,...}

and the entire root system is given by A(Agz)) = A+(A£2)) U (—A+(Ag2))).

Anju Kumari Yadav Differential operator Representation of Agl) and Agz) 7th February, 2025 17/23



Representation of Ay”

To construct the differential operator realizations of Ag), consider a graph

automorphism o that satisfies 02 = 1. The graph automorphism ¢ acts on the
simple roots of A, as follows:

o(aq) = az, o(a) = aq. (31)

The Dynkin Diagram for Ag2) is given as

1 2
O==——=0
ap O/l

Here the generators of Agz) are {Eg, E1, Eo, Fo, F1, F2, Ho, H1, H2} which are
obtained from {ey, e, f1, o, h1, hp} of Az in a similar way as discussed above only
an automorphism is involved which reverses a; and as.
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Representation of Ay”

Therefore, the differential operator representation of the affine twisted Kac-Moody

(2

algebra A5 is given below:

) E) )
Eo = M X3 + M X1Xz + XaXs — (XEXz + X1 X3) = — XXz —— — XF— (32)
X 0Xo 0X3
B
B = 33
= o (33)
E) ) )
Ho=—X1 — X2 + X Xo—— 4 2X3—— 34
o 1 2+ 18 aF 28X 3 38X3 (34)
B ) B
E=vV2( ot — Yoo 35
1 f(aleraxg 26X3> )
Fi = V2 [ \iX1 + XaXo + (X1 Xo + X3 — X7 )i — (X3 + X3) - 0 — XoX 3i (36)
X1 9Xo X3
9 ) )
Hi = 2)\ + 22X — 2X; 2Xp—— — 4X3—— 37
1 1+ 2A 18X1 28X 38X3 (37)
Er = v2 [ MX1 = MXo — (X2 4+ XiXo + X3) o + (X3 — X3) 0 + XoXs =2 (38)
X1 0Xo X3
) B E)

F=v2(--2 + 2 4+ x, o 39
2 \[( 8X1+8X2+ 28X3) (&2
Hy = A — o — 3% -2 +3%6-2L (40)
h = A1 — A2 18X 28X {
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@ The differential operator representations provided satisfy the Chevalley-Serre
commutation relations establishing the correctness of the result.

@ These explicit representations fill an important gap in our understanding of
the structures of these Kac-Moody algebras.

@ In a similar fashion, we can calculate the representations of other affine
untwisted and twisted Kac-Moody Lie algebras.
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