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Abstract—This paper presents the average bit-error rate (BER) plitude modulation {/-QAM) data. The analysis is provided
analysis of downlink non-orthogonal multiple access (NOMA for an arbitrary number of users under the Rayleigh fading
systems for binary phase-shift keying (BPSK) modulated dat. o ironment. Subsequently, the authors in [6] considered a

The fading environment is considered to follow the two-wavevith link t NOMA t d obtained th .
diffuse power (TWDP) distribution. The average BER expres®ns uplinx two-user System and obtaine € expressions

are analyzed for two-user and three-user NOMA systems using for BER of quadrature phase-shift keying (QPSK) modulated
the moment generating function (MGF)-based method. Data data under additive white Gaussian noise (AWGN). In [7],
detection at the users is done using the successive inteeice the authors provided average BER analysis for a two-user
cancellation (SIC) method. The deduced analytical expre&ms uplink and downlink NOMA system under Rayleigh fading.

are used to show the effects of variation in fading parameter . . .
values on the systems’ performance. The simulation resultare It is considered that data of one user is QPSK modulated

shown that validate the ana|ytica| outcome. a.nd that Of the Other user iS binary PSK (BPSK) modulated.
Keywords —Average bit-error rate (BER), NOMA, TWDP  The performance of a two-user downlink NOMA system with
fading, 5G and Beyond. M-QAM modulation under Rayleigh fading is examined in
[8]. In [9] and [10], the average BER is analyzed under
|. INTRODUCTION Nakagamim fading channels. The authors in [9] provided

From the first generation (1G) through the fourth generati@malysis for a downlink two-user NOMA system assuming data
(4G) mobile networks, users get services with the adopti@ie modulated using the BPSK scheme. Whereas, the authors
of orthogonal multiple access (MA) techniques, namely; frén [10] considered the QPSK modulation scheme for two-user
guency division MA (FDMA), time division MA (TDMA), and three-user downlink NOMA systems. The average BER
code division MA (CDMA), orthogonal frequency divisionanalysis under generalized-;: fading is presented in [11] for
MA (OFDMA), or space division MA (SDMA). The fifth a cluster-based two-user downlink NOMA system.
generation (5G) and beyond 5G networks target to achieve im+-y fading is a generalized scenario which includes classical
mense connectivity (millions of devices per kilometer sguafading models, namely, Rayleigh, Rician, Nakagami-etc.
area), data rates well above one gigabits per second (Gbps),special cases. Moreover, it emulates practical channel
latency less than one millisecond [1], [2]. People from bottonditions in satellite communications, body-area nekaor
academia and industry are considering non-orthogonal M#AC. [11]. However, this generalized fading model, inahgdi
(NOMA) technique as a strong candidate that can assisttire classical fading models, is a cluster-based model which
meeting these requirements of the next-generation neswbrk considers rich-scattering environment where multipaftihe
NOMA, multiple users can realize the transmission in poweransmitted signal arrive at the receiving end in clustemio
domain, sparse-coding, and other domains [1]. Such models fail to capture the channel’'s conditions at high

Most of the works existing in the literature on the perforfrequency transmissions, particularly, in mmWave, terahe
mance of NOMA systems have considered an informatioand visible light spectra [12]. The mmWave spectrum allows
theoretic approach. The outage probability, throughpnt| ato achieve high data rate in 5G networks, while terahertz and
ergodic capacity are analyzed in [3], [4]. Communicationvisible light spectra are key elements for beyond 5G netsiork
theoretic analysis in terms of error-rates has recenthndou
the interest of various group of researchers [5]- [9]. Thipgr
aims to investigate error-rate performance of NOMA systemsThe fading models, namely, two-wave with diffuse power
operating in power-domain, which is an usual consideration (TWDP), a-x, and fluctuating two-ray (FTR) fading are con-

B. Motivation and Contribution

the literature. sidered to be a good approximation of mmWave and terahertz
. ) links [13] -[15]. In [16], sum-rate, outage probability, dn
A. Literature Review ergodic capacity of a two-user downlink NOMA system is

The authors in [5] investigated the average bit-error ragxamined under FTR fading. The authors in [17] analyzed
(BER) of uplink NOMA system forM-ary quadrature am- the average symbol-error rate for two-user cooperative MOM



under TWDP considering QPSK and BPSK modulations. fading, andi,,*" represent large-scale fading whérganda,

The error-rate analysis in [5] - [11] is limited to two-user oare distance between BS to udéf and corresponding path
three-user NOMA systems under the classical fading channdbss exponent, respectively. We consider the communitatio
The work in [17] considers two-user NOMA under TWDFhappens in mmWave range and the small-scale fading of each
fading. Recently, the authors in [18] and [19] investigateléhk is modeled using TWDP fading.
the BER of downlink NOMA system for arbitrary number of Successive interference cancellation (SIC) is employed at
users. The Rayliegh fading environment aWdQAM scheme the users for data detection. Udgy,, for 1 < m < N first
are considered for the analysis. detects the data of usets, Us,...,U,,—1 successively and

This paper aims to analyze the average BERs of downlittken use the detected data for cancellation. The receigedlsi
NOMA systems for two and three users under TWDP fadireg userlU,,, can be expressed as
channel. The analytical results obtained are validated by

m—1 N
simulations. Nom A
m= e VEnSnt+V Ensm~+ VEisp|+0m, (3
Il. SYSTEM MODEL 4 \/%—am@_:l > VE ) Nms (3)

l=m-+1
We consider a downlink NOMA communication where a A ) )
base station (BS) provides services¥mumber of users. Each WNerés» € {—1,1} is a function ofs,, and detected value of
communicating node is equipped with a single antenna. The for 1 <7 < (m—1). Thus the decided bits can be correct
BS superimposes data of all the users in power-domain a0t iS dependenton the correctness of SIC. Note that on SIC
then broadcasts the superimposed signal. The superimpo@icellations, corresponds to constellation points/ £, or
signal can be represented as E,, for the decided bit$) or 1, respectively. Data detection

for userU,, is done based on the decision variali{gh.:, y... },

N
T = Z /P, Tsh, (1) thus the received instantaneous signal-to-noise (SNR)ean
el given as
wheres,, € {—1,+1} is BPSK modulated data of usér,, Vi = |hm|26N2/(dmaT“N0), (4)

n € {1,2} for N = 2, n € {1,2,3} for N = 3, P, is . A N
power assigned to uséf,, and 7 is transmission time. The where Ey = (anzl VEn§n+VEmSm+Zl:m+1 \/ES;)-
energy consumed per transmissionfis = P, T, which for The probability density function (PDF) of the power variate

normalized timel’ = 1 can be given a€s,, = P,. |hm|? for TWDP fading is given as [21]

Fixed power allocation scheme is usually considered in © g vy P oxp(— K J20m?))
NOMA systems. In this scheme, the power allocated to user, »(z) = Z m_Lm,pT” CXP\— mQ—I : Om . (5)
U, is calculated using the relatioR, = aP,_; for n > 2, o p'T'(p+1)(20:,.2)PF

where P, = P is power associated with the us&i which
has the worst channel quality and the fractione (0, 1) is
used to assign power to other users. The power aIIocatior} B 2”: (p) (ﬁ)qi <q>1 KAL)
to all the users is done at BS based on their link qualities.™?” q 2 —\r r—q mem
The channel state information (CSI) of all the links can be -
received at BS from the users in feedback path. Highest povead K,,, > 0, A,,, € [0, 1], ando?, > 0 are fading parameters
is assigned to the user with worst link quality and lowest @owof the link connecting uset/,, [21]. Using (4) and (5), the
to the user having the best channel condition.d,etepresents PDF of instantaneous SNR,, can be derived. This PDF is
the channel gain of BS-to-usér, link which includes the used in the next section for the average BER analysis.
effects of small scale fading and large scale fading. Let the
BS decides the power variate of the channel gain in ascending Ill. AVERAGE BER ANALYSIS

order |g;|? < |g2|2 < --- < |gn|?. Then the respective power [N this section, the average BER expressions are derived for
allocated to all the users in descending order is given Byuser NOMA and 3-user NOMA systems.

Pr>P > > Py. A larger fraction of power is aSS|gnedA' Average BER analysis for two-user NOMA
to the user having a smaller channel gain. The total transmit

where

q=0

power can be obtained & = ZN—l P,. Fig. 1 depicts the constellation space and decision bound-
The baseband equivalent of the received signal at Uiser a71€S for user#/, andUQ_ in case of a two-user NOMA system.

1 <m < N is given by Using BPSK modulation for both the users, there are four
o constellation points after superimposition, Fig. 1(a)t be

Tm = gmT + Nm and by correspond to information bits of uset§ and Us,

B m—1 N respectively. The superimposed symbobi$,. Here, bitb,
= \/T—an (Z\/Esm—\/ﬁsm + Z\/Esn) +1m; (2) is communicated with energly; and bitb, with energyEs.

" n=1 n=m+l Thus on constellation diagram the constellation pointshibr
wheren,,, ~ CN(0, Ny) is zero-mean additive white Gaussiarb, are located at distances,/E, and++/E> around the points
noise (AWGN) having power spectral densify,y, h, is for bit b;. Without superimpositiorb; is placed at distances
complex channel gain capturing the effects of small-scaley/E; and++/E; around origin.
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Fig. 1. Two-user NOMA. (a) Constellation space, (b) Decisimundaries

for userUy, (c) Decision boundaries for uséf,.

Using (3), the signal received at udér can be written as

y1 = (VEis1 + VEas2)hi//di ™ + 1. (6)

2

|h1|2(VEL+VE2)
Va3t
|h1]?No

@

2
(H |h12<¢E—1¢E—2>)
, (9)

1/°° 1
=— ———CXpP| —
2 0 \/7T|h1|2N0

1/°° 1 gt

+- | ——exp|—

20\/7T|h1|2N0 P |h1|2NO

where the integral representation follows from the
fact that the decision variableR{h}y:} has mean

—hP(VE1£VER)/\/dYt and variance|hi|>No/2. The
integrals in (9) can be expressed in the terms of Q-function
as

Pey, = % (Q (v/271.1,00) + Q (v/271.2,01))

Where’}/l_’[_’()b2 = |h1|203/(d?1N0), /= {1,2}, by = {0,1},
c1,00 = (VE1+vVEs), andca 01 = (VE1—VE»).

The error regions fob, = 0 are depicted in Fig. 1(c). It is
worth to note here that due to symmetry of the constellation
space, the error probability fdr, = 0 in the entire plane is
same as that df; = 0 andb, = 1 in the left half of the plane.
Hence, the BER of usdy, can be given as

(10)

1
1:)6[]2 = 5 (P82700 + P82701) y (11)

wherePe; oo andPes o1 represent error probability fér b, =
00 and b1b; = 01, respectively atl/s. Using Fig. 1(c) and

UserU; detects its data considering the contribution from usépllowing the steps adopted in (9) and (10), we have

U, as interference. SIC is performed at uEgr where the data

3

of userU; is detected first and then the detected data is scaled Peago =Y (=1)1Q (v272.0.00 (12)
and subtracted from the received signal. The resultanasign " ; ( 400)
for Us’s data detection can be written as (3) and
~ 3
Yo = (\/E1§1 + Ezsz)hz/\/ da™? + 1y . @ Pesor = Z(_l)é—lQ ( /7272,6,01) ’ (13)
=1
Let Peo,u, and Pey,p, represent error probability at usefwhere ~, o9 = |ha|?a2 oo/ (d5> No) for ¢ = {1,2,3},

Uy, for bits b, = 0 andb,, = 1, respectively. Considering bits cor = |hal? a%,m/(d;“No) for ¢ = {1,2}, ya301 =

0’s and 1's are transmitted with equal a priori probabilitiesihg|2biol//(dg2N0)'

we havePeg y, = Pey,y,. Hence the BER for usdy,, can
be given by

1
PeUn = i(Peo,Un + Pel,Un) = P€07Un . (8)

Here a1,00 = \/E_, a2,00 =
(VE1+VE»), az,00 = 2VE1+VE2), a1,01 = (VE1—VE3),
az01 = (2 E1 — VE>), andby g11 = /E. For biby = 00,

the distance of decision boundaries from the symbol are
a1,00, a2,00, andas o in the rightward direction. The region

The error region for bib; = 0 lies right to the origin as seencorresponding td, b, = 10 provides correct detection, hence
in Fig. 1(b). We have); = 0 in two superimposed symbols,the term corresponding ta; o, is subtracted in (12). For
biby = 00 andb;by = 01. The distance to decision boundary1b2 = 01, the decision boundaries are at distaneggs: and

from these symbols aré/E; + FE2) and (VE; — /Es),

respectively. Hence, the BER of Hit = 0 can be given as
1:)6[]1 :Pr[%{hfyl} > O]
_1 | *VEL + VE2)
=—(Pr[R<{—
2 NZa
%{_ [ (VEL ~ VE2)

+ h*i’lh} >O|b2 = O‘|

+ hI’Ih} >0|b2 = 1‘|>

+Pr

az,01 in rightward direction from the symbol and at distance
b1,01- in the leftward direction (the notatiori)(indicates the
leftward direction). In this case, the region correspogdin
to b1bo = 11 provides correct detection, hence the term
corresponding t(m;01 is subtracted in (13).

Substituting (12) and (13) in (11), we can obtain the BER
for userU,. The BER for usel/; is given in (10). The BERs
in (10) and (11) are conditioned on the varying channel gains
|h1|? and |h2|?. The corresponding average BER expressions



can be obtained by averaging (10) and (11) using the PDF
(5). Using Craig’s result, the resulting BERs in the terms «
integrals having integrands as products@f) function and
PDF of the instantaneous SNRs can be expressed in the te
of moment generating functions (MGFs) as

Py, = Z / o () @@

_ 1 3 -1 71'/2 1
P.y, =— g —1 My, oo | —5=]db
2 ( ) / 2,2, <Sl]f]2(9))

=1 0

1< z 1 /2 1
/ Y2,£,01 <Sl 2(9)> 9 ( )

=1

respectively. The MGF of the instantaneous SNRs¢ os,
for m = {1,2}, £ = {1,2,3}, andb; = {0,1} can be
obtained using the relationd.,, (s) = f0°° exp(—sv) fy(v)dy
and equations (4) and (5) as
> K, Pt 1 Pl
M = TP 16

’Ym,£,0b2(s) 1;0 p' eXp(Km) (1+2Sd270b2,r0'm2> ’ ( )
wheredy o, » is related to the constants oo, ar,06,, b1,01’-

r = 0 andr = 1 indicate rightward and leftward directions
respectively.
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Fig. 2. Three-user NOMA. (a) Constellation space, (b) Denidoundaries

for userU1, (c) Decision boundaries for usék, (d) Decision boundaries for

userUs.

The integrals in (14) and (15) can be expressed using (16)

as

/2 1
I’Ym,@,obg = /0 M’Ym,z,obz (m) do

oo

o Z Kmptm,p /71’/2( Sin2 (9) )P'f‘lde (17)
=0 p! eXP(Km) 0 sin? (9)+2d570b2,r0'm2 ’

Substitutingcos? () = ¢, (17) can be rewritten as

= i Kmptm_’p(l + 2d£70b2-,7"0’m2)7p71
|
= 2plexp(K,y,)

1 “1/2(1 _ 1\p41/2
x/ (-t dt. (18)
(1 - t/(l + 2d, ,0ba,1Om’ ))p+1

Z

Ym,€,0by

Using [22, eq. (3)], (18) can be simplified as

> I(fnptm7 (1 + 2dZ,Ob ,rUm2)7p71
Lomrons = Z P2 lex (Kz)
= plexp(Kpn
1 3 1 1
B = — | oF} 1,=; 2, — 19
X <2ap+2)2 l<p+ 72ap+ 71+2d@)0b2)7~0’m2)’ ( )

where B(z,y) is beta function and F(a, b; ¢, z) is Gauss'’s
hypergeometric function [22, eq. (3)].

The average BER expressions for us€isand Us can be
deduced using (14), (15), and (19).

B. Average BER analysis for three-user NOMA

The constellation diagram for a three-user NOMA and the
corresponding decision boundaries for us€is Us, and Us
are shown in Fig. 2. Using (3), the signals received at users
U, Us, andUs can be expressed as

h
Yy = —lal(\/Elsl—i-\/EQSQ—i- E353)+771, (20)
1

vd
h A
Ys = \/di_az(\/Elél—i-\/EgSQ—i- E353)+772, and (21)
h A ~
ys = \/d;:’—as(\/Elél-l-\/EﬁQ-i- E3S3)+773, (22)

respectively.

Following the procedure used for two-user NOMA in Sec-
tion IlI- A, the BER for uset/; can be obtained using Fig. 2(b)
as

4
Pe,, = i Z Q (V/271,6,00503) - (23)
=1

whereba, by € {0,1}, V1.0,06065 = |h1]? € 0,0,/ (7" No) for
¢ = {1,2,3}. Hereci o0 = VE1 + VE2 + VE3, c1001 =
VEi1+vVE>—+/Fs, c1,010 = VE1 —V/E2++/E3, andcy 11 =
VE| —/E, — /E3. Similarly, with the help of Fig. 2(c), the
error probability for usel/> data can be given by

1
Pey, = 1 (Pe2 000 + Pez,001 + Peaoi0 + Peaoi1), (24)



wherePes oo0, Pe2 001, Pez,010, and Peg o117 represent prob-
ability of bit b, in error forb,b2b3 = 000, 001, 010, and 011,
respectively. Due to symmetry, we hav&; o190 = Pe2 101
and Pes g11 = Pea 100. The terms in (24) can be expresse
with the help of Fig. 2(c) as

3
P€2,00b3 = Z(—l)zilQ (\/2")/27@70053) and (25)
/=1
3
Pey o1, = Z(—l)zle (v/272,0,0165) (26)
/=1
Where b3 = {0,1}, ’}/2)@)01)2173 = |h2|2a570b2b3
/(d3*No), 72,3016 = |h2] b 14, / (d3 No),

ar000 = VE2+VEs, a200 VE1 +VE> ++/E3,
aso00 = 2vVE1 +VE2 ++VE3, aion = (VE2 — VE3),
a2,001 VE1 + VE» — VE3), aszom
(2VEr + VE2 — VE3), a1010 = (VE1 — VE2 + VE3),
a2,010 (2vVE1 — VE» + VE3), biow
(\/E_Q - \/E_B)- 1,011 (\/E_l - \/E_2 - \/E_3
az,011 = (2VE, —VE>,—+/E3), andb; o110 = (VE2+VE3

Similarly, using Fig. 2(d), the BER of usdr; can be
expressed as

):
).

1
Pey, = 1 (Pes 00 + Pesoo1 + Pes o0 + Pesoin), (27)

where P€37000, P€3)001, P€37010, and P€3)011 repre-
sent the probability of bitbs in error for bibsbs
000, 001, 010, and011, respectively. Due to symmetry, we
have P837001 = P€37110 and P€37011 = P837100. The term
Pes 000 can be given as

7

= Z(_l)é_lQ (v/273,0,000)
=1

wherens 000 = |h3|*a7 oo /(d5*No). Hereas oo = VB3,

az,000 = a1,000 + VE2, as000 = a2,000 + vVE2, as000 =

a3,000+ vVE1 —VEa, as,000 = a4,000 + vV E1 —V/Fa, as,000 =

as,000+v/ F2, andaz ooo = as 000+ +/E2. Similarly, the factor

Pes 001 can be expressed as

P,

€3,000

(28)

7
Pegonn = > (=1)'Q(v21000) » (29

=1
where Y3,6,000 = |h3|2a2001/(d§‘3N0) for ¥ = 1 to 6,

v37.000 = |h3l*0% 501/ /(d3* No), ar000 = VEa — VEj,

a2,001 = ai,001 + VE2, aspo1 = a2001 + VE1T — VEo,
as,000 = as,o01 + VEI — VE2, aso001 = a4,001 + VEo,

ag,001 = @5,001 + V Es, andblﬂool/ = /FE5. Next, the factor
Peg 010 is obtained as

5

Pez o0 = Z(—l)g_lQ(\/?Y&e,ow)

{=1

7
+3°(-1Q (v23s000) . (30)
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Fig. 3. Average BER versus average SNR plots for two-usertlameg-user
NOMA systems. (Abbreviations: Sim. — Simulation, Ana. — Mtaal)

where v3 0010 = |hsl*a 510/ (d5* No) for ¢ 1 to 5,
v3.00100 = |h3|*b7 010//(d5? No) for £ = {6,7}, a1010 =
VEs, az010 = ai010 + VE1 — VE2, azo0 = az010 +
VE1 —VE2, as010 = as,010 + VE2, as,010 = as,010 + V2,
bl,OlO = \/E_— \/E_, andbg)olo/ = b17010 + \/E_2 Lastly, the
factor Pes 011 is given by

7

Pesoin = Z(—l)g_lQ(\ﬂ%,z,ou),

(=1

where V3,6,011 = |h3|2a2011/(d§‘3]\]0) for ¢ = {1,2,3,4},
Y3,0,011 = |hs|?(be,o117)?/(d5? No) for £ = {5,6,7}, a1,011 =
VE1 —VE1 —VEs, as011 = a1011 + VE1 — VF2, azo11 =
CL2,011+\/E_, a4,011 = CL3,011+\/E_, b1,011' = \/E_- b2,011/ =
b17011 + \/E and b3_]011/ = b2_]011 + \/E SUbStltUtlng (28)-
(31) in (27) produces the BER of usgg.

The conditional BER expressions for the three users in (23),
(24), and (27) can be used to derive the corresponding aerag
BER expressions using the MGF-based approach as used in
(14)-(19).

(31)

IV. NUMERICAL RESULTS

In this section, we present the average BER plots for a two-
user and a three-user NOMA systems. The fixed power alloca-
tion fraction is taken a®,,—1/P,, = 0.2 form = 2,3,4. The
term ‘average SNR’ implies for the ratiB; /Ny. The first21
terms of the series in (16) are considered for calculatirg th
analytical results.

In Fig. 3, plots are shown for the average BER of all users
in a two-user NOMA and a three-user NOMA systems. Fading
parameters<,, = 1 dB, A,, = 0.75, ands?, = 1 are chosen.
The effect of large-scale fading is normalized to unitytlsa
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Fig. 4. Average BER versus average SNR plots for three-useMA  [11]
system for fading parameters,, = 1, K,, = {0,5,10} dB, and
Am = {0.5,0.75,1.0}.
[12]

(dm)®™ = 1. It is evident from the figure that the analytical
results closely match with the simulated results for all trﬁgl
cases. This validates our analysis.

Fig. 4 shows the effects of variation in the average BER
with fading parameters for a three-user NOMA system. FoF
o2 =1, two cases are considered: &) = K, = {0, 5,10}
dB whenA = A,, =1 and (i) A = {0.5,0.75,1.0} when
K =10 dB. The results are shown for distanegs= 1 unit,
ds = 1.1 x di, andds = 1.2 x d;. The path loss exponent is[16]
chosen asy = 3. The figure suggests that the average BER
decreases when there is an incremenkinor decrement in 17]
A.

[15]

V. CONCLUSION

In this paper, the average BERs expressions of two-user a[\%%
three-user NOMA systems are analyzed for BPSK modulated
data under TWDP fading. The obtained analytical results ddl
verified with the simulated results. The effect of the parkarse
of the TWDP faded channel are also observed. The system
BER performance improves with increaseAnor decrease in (20]
A. The possible future research direction from this work are
a) extension to arbitrary number of users and b) extension[2d]
modulation orders\/.

[22]
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