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Abstract

The fractal interpolation functions with appropriate iterated function systems (IFSs) pro-
vide a method to perturb and approximate a continuous function on a compact interval I.
This method produces a class of functions f* € C(I), where « is a scale parameter. As
essential parameters of the IFS, the scaling factors have important consequences in the prop-
erties of the function f“. Also, the interpolant or a certain derivative of it may have a
non-integer box-counting dimension depending on the scaling factors magnitude. In this
talk, we discuss an exact estimation of box dimension of a-fractal functions under suitable
hypotheses on IFSs.
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Introduction to o-fractal functions

@ The concept of fractal interpolation function (FIF) using the theory of
iterated function system (IFS) was first introduced by Barnsley .

@ The most extensively studied FIFs so far are defined by the IFS:
Li(z) = aix + b;, Fi(z,y) = asy + qi(z).

@ Let f € C(I). For afixed partition A := {zo,z1,...,zn} Of I = [z0, 2],
Navascues 2 considered the maps ¢;(x) = f o L;(z) — a;b(z), where
a = (a1,...,an) is the scaling vector and b is the base function
satisfying b # f, b(zo) = f(x0),b(zn) = f(zN).

@ The family of fractal function {f* : a € (—1,1)V "'}, named as a-fractal
function interpolate and approximate f.

@ The map F¢ : C(I) — C(I) which sends f to f¢ is called a-fractal
operator. Furthermore, f3 , satisfies the self-referential equation

FRp(@) = f(@)+a; (L (2))-(f*=b)(L; " (2)) ¥ @ € [wj-1,25], j € N1,
(1)
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Box-dimension

@ Let F be a nonempty bounded subset of R™ and let Ns(F') denote the
smallest number of sets of diameter less than or equal to 6 which covers
F.

@ The lower and upper box-counting dimension of F is defined as

| No(F) —— o No(F)
dimg(F) = hméglof+ “logo’ dimp(F) = hmtss_?& “Togd’

@ The Hausdorff dimension of F' is denoted by dimg (F") and for any
bounded subset F' of R™,

dimy (F) < dim 5 (F) < dimp(F).
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Results

@ Result: Let W; = (L;(z), Fj(z,y)), where L; and F; are as described
above. The map W; : I x [-M, M] — I x [-M, M] is a contraction map

with respect to the metric
d((2,y), (z,w)) = ar|z—z|+ea|(y—f* (x))— (w—f*(2))| V(2,), (2, w) € IxR,

where c1, ce > 0 provided

202 Mkaj

gl } <1

max {aj +

and o; : I — R satisfies |y (z) — a;(y)| < ko, lz —yl.

SM. F. Barnsley and P. R. Massopust, Bilinear fractal interpolation and box dimension, J.Approx.
Theory 192 (2015), 362-378.



LetT :={I x R; W1, Wa,...,Wn_1} be the IFS such that
rill(z,y) = (w, 2)ll2 < |Wj(z, y) — Wj(w, 2)|2 < Rll(z,y) — (w, 2)|l2,

for every (z,y), (w,z) € I x R, where
0<r;<R;j<1Vje{l,2,. — 1} Then s, < dlmH(Graph(fo‘)) <s%,

where s, and s* are determined by Z ri* =1and Z RS = 1 respectively.
g=1 g=l

In particular, with the notation in © we can omit the following condition from
that theorem

& 2/1
titn < (Min{a1,an}) (Zt )

n=1

M. F. Barnsley, Fractal functions and interpolation, Constr. Approx., 2, (1986), 303-329



Oscillation space

@ We define the total oscillation of order m,

Osc(m, f)= > Ry(Q)

Q=p~™
where the sum ranges over all p-adic intervals @ C [0, 1] of length
|Q = ;& and R;(Q) = sup, ,eq |f(x) — f(y)].
@ Let 3 € R. The oscillation space V*(I) is defined by

{fGC M<oo}

mEN pm(l—ﬁ)

Theorem 3

Let f,b,a; (j € J) € VP(I) be such thatb(a:l) = f(x1) andb(xN) = f(zn).

Further we assume that |L;(I)| = — for some k; € N with S j = 1. For
jeJ P

Osc(m,a a
max{||a|oo+ 3 SUp ey o B;), = ||aj||oo} < 1, we have f* € V2(I).
JjEJ



Result

7 Let f be a real-valued continuous function defined on I, we have
dimp(Graph(f)) <2—v < feV' " (1) ifo<y<1

and
dimp(Graph(f)) >2—v < fe V') ifo<y<1.

Let0 <~y < 1and f,b,a; be suitable functions satisfying the hypothesis of
Theorem 6. Then, Theorem 4 yields that dim g (Graph(f*)) <2 — 7.

A, Carvalho, Box dimension, oscillation and smoothness in function spaces, J. Funct. Spaces
Appl., 3 (2005), 287-320.



Hoélder Space

@ We define the Hélder space as
H*(I):={g: I —R: gis Holder continuous with exponent s}.

@ We use the norm ||g||» = ||g]|ls + [g]s, where

(g], = sup 12@) = 9W)|
ek Tyl

Theorem 6.

Let f, b and « be Hélder continuous with exponent s such that b(xz1) = f(x1)
and b(zn) = f(zn). Then with the notation a := min{a, : j € J} we have
is Hélder continuous with exponent s provided 1%l < 1.



Result

Theorem 7.

8 Let f be a germ function, and b, o; be suitable continuous functions such
that
|f(@) = f(W)| < ksl —yl°,
b(z) — b(y)| < kslz — yl°, ()
laj(2) — a; (Y)| < kalz —yl®
forevery xz,y € 1,5 € J, and for some kg, kv, ko > 0, s € (0, 1]. Further,
assume that there are constants K¢, 5o > 0 such that for each x € I and
§ < 0o there exists y € I with |z — y| <6, |f(z) — f(y)| > K|z — y|® and

Ks — ([blloc + M)a™ ke > 0. We have dimp (Graph(f®)) = 2 — s provided
Kf_(Hb”oo"'M)kaU«75

that [laf|+ < a® and [|aflee < =5 =20

83, Jha, S. Verma, Dimensional analysis of a-fractal function, Results Math. 186(4), (2021),
1-24.



Results

Remark 8.

In®, Akhtar et al. computed the box dimension of a-fractal function under
certain condition. But for the Hélder exponent s € (0, 1) the author has
calculated an upper bound. In Theorem 7, we have obtained the exact
estimation of the box dimension of a-fractal function under suitable condition.

Theorem 9.

Let f,a; (5 € J) and b be Hélder continuous with exponent s such that
b(z1) = f(z1) and b(zn) = f(zn). If||a||n < a® witha = min{a; : j € J}
then

1 < dimg (Graph(f*)) <2 —s.

9Md. N. Akhtar, M. G. P. Prasad, and M. A. Navascués, Box dimensions of a-fractal functions,
Fractals, 24(3), (2018) 1650037-13.



Bounded Variation

@ Let BV(I) denotes the set of all functions of bounded variation on I and
define a norm on BV(I) by || f||lsv := | f(to)| + V(f,I), where
V(f,I) =supp > i, |f(t:) — f(ti—1)|, the supremum is taken over all
partitions P of the interval I.

@ Result In '°, Liang showed that if f € C(I) N BV(I), then
dimg (Graph(f)) = dimp(Graph(f)) = 1.

Theorem 10

Let f € BV(I). Suppose that A = {z1,z2...,2ny 21 <22 < --- < zN}iSa
partition of I, b € BV(I) satisfying b(z1) = f(z1), b(xN) = f(zn), and
a; (j € J) are functions in BV(I) with ||a||zy < Q(N 1y Then f* € BV(I).

Theorem 11
Let f,b be continuous functions of bounded variations and «; (5 € J) are

functions of bounded variation with ||| sy < m Then
dimg (Graph(f®)) = dimp(Graph(f*)) = 1.

10v Q 1iana Rox dimensione of Riemann-l iouville fractional intearale of contintiotie flinetions of




Absolute Continuous Space

Let AC(I) denotes the Banach space of all absolutely continuous functions
on I with its usual norm (denoted by ||.||.4c).

Theorem 12.

Let f € AC(I). Suppose that A = {z1,22,...,zn 121 <z2 < ---<zN}iSa
partition of I, b € AC(I) satisfying b(z1) = f(z1), b(zn) = f(zn) , and

a; (j € J) are functions in AC(I) with ||al| ac < 55—, where

a = min{a; : j € J}. Then, the fractal perturbation f* corresponding to f is

absolutely continuous on I.

Theorem 13.

Let the germ function f and the parameter b be absolutely continuous
functions. Suppose «; (j € J) are absolutely continuous functions with
lallac < sx—y- Then dimpu (Graph(f®)) = dimp(Graph(f®)) = 1.
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