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Abstract—In this paper, a comparative study between three 
different shaped Microstrip Antennas (MAs) which include 
rectangular, circular and annular ring-shaped geometries is 
presented. Cavity model technique is used for theoretical 
investigations. For comparison purpose, the areas of those three 
MAs are kept fixed. Eigenfunction, eigenvalue, resonant 
frequency and far-field radiation pattern are investigated and 
compared for all three antennas. The comparative study is 
presented for the first three modes for the first time, hitherto 
unreported. 

Keywords—Microstrip antenna, resonant frequency, radiation 
pattern, cavity model. 

I. INTRODUCTION  

Microstrip Antennas (MAs) become very popular for 
various applications due to its low profile, light weight, 
conformability and low cost. Numerous analytical and 
numerical techniques have been used over last 50 years to 
deduce resonant frequency, radiation characteristics etc. of 
various shapes of Microstrip antennas [1]. 

The first practical microstrip antenna patented by R. E 
Munson where rectangular and square microstrip antennas 
have been investigated using transmission line model in 1974 
[2]. A. G. Denryd et al.  have introduced cavity model 
technique and have used it to calculate the input conductance, 
resonant frequency, quality factor, bandwidth, far-field 
patterns, etc. for Rectangular Microstrip Antenna (RMA) [3, 
4]. In 1979, Y. T. Lo et al have used the cavity model 
technique to investigate the rectangular, circular, semi-
circular, triangular shaped microstrip antenna [5]. C. W. Chew 
et al. have used the integral equation technique for accurate 
calculation of resonant frequency of RMA in 1988 for 
fundamental mode only [6]. 

L. Shen et al have used the cavity model technique to 
compute the resonant frequency of Circular Microstrip 
antenna (CMA) in 1977 [7].  In 1978, S. A Long et al have 
used the cavity model to analyze investigate the current, 
radiated power, directivity, gain, different kind of losses, Q-
factor and efficiency of CMA [8]. A. Derneryd has used 
similar approach to investigate the CMA in 1979 [9]. 
Extensive study on linear and circular polarized CMA has also 
been reported by J. Huang in 1983 [10]. 

The resonant behavior, radiation characteristic, input 
impedance, Q-factor, etc. have also been investigated by 
simple cavity model technique by K. F. Lee et al. in 1983 for 
Annular Ring Microstrip Antenna (ARMA) [11-14], Spectral 
domain technique  [16], method of matching expansion [17] 
etc. have also been reported for those three antennas. It is 

found that fundamental and higher order mode have been 
investigated for a single MA only. There is no comparative 
study and/or analysis between different shaped microstrip 
antennas. Therefore, we take the opportunity to give a 
comparative study been Rectangular MA (RMA), Circular 
MA (CMA) and Annular Ring MA (ARMA).  

In this paper, we have presented a comparative study 
between RMA, CMA and ARMA for first three modes for the 
first time, hitherto unreported. To compare different shape 
antennas, we need a common parameter for comparison 
purpose for this reason all the radiating elements have 
considered with same area. The relative permittivity ߝ௥ And 
the thickness of the substrate ݀ is kept constant for all those 
three antennas. Cavity model technique is applied to 
investigate those antennas theoretically. Eigenfunction, 
eigenvalue, resonant frequency and far-field radiation pattern 
are investigated and compared for all three antennas. Resonant 
frequencies for first 10 modes of those antennas are compared. 
Magnetic surface current model is used here to find the far-
field radiation patterns. The far-field radiation patterns of 
those antennas are presented for first three modes. 

II. THEORETICAL INVESTIGATION 

In this section, theoretical investigation on different 
shaped microstrip antennas (RMA, CMA, and ARMA) is 
presented. It is assumed that all antennas have same substrate 
having relative permittivity ߝ௥  and the thickness of the 
substrate is ݀. Magnetic wall model is used to investigate all 
those antennas. 

A. Rectangular Microstrip Antenna 

The antenna geometry of the Rectangular MA (RMA) is 
shown in Fig. 1(a). The RMA has length ܽ and width ܾ. The 
antenna is placed on ݕݔ surface.  

 
Fig. 1. The geometry of different shaped MAs 

For theoretical investigation of RMA, cavity model is 
applied. To remove the effect of ground plane image theory is 
applied which results in an isolated RMA having thickness 
equal to 2݀. All the side walls are modeled here as Perfect 
Magnetic Conductor (PMC) and the top and bottom surfaces 



are modeled as Perfect Electric Conductor (PEC). Similar 
process is also applied for CMA and ARMA also. 

The solution of the wave equation ∇ଶ߰(ݔ, ,ݕ ,ݔ)ଶ߰݇+  (ݖ ,ݕ (ݖ = 0	is obtained using separation of variable 
method.  After applying the boundary conditions, the 
eigenfunction ߰(ݔ, ,ݕ ߰ :can be expressed as (ݖ = ݖ)௭݇ݏ݋൯ܿݕ൫݇௬ݏ݋ܿ(ݔ௫݇)ݏ݋௠௡௣ܿܣ − ݀)																						(1) 
where ݇௫ = ߨ݉ ܽ⁄ 											 ; 						݉ = 0,1,2,3,4, … .. ݇௬ = ߨ݊	 ܾ⁄ 											 ; 							݊ = 0,1,2,3,4, …. ݇௭ = ߨ݌	 (2݀)⁄ 					 ; ݌							 = 0,1,2,3,4, ….																											(2) 
Here, all terms are carrying their usual meaning.  

The resonant frequency ( ௥݂)  is found using separation 
equation ൫݇ଶ = ݇௫ଶ + ݇௬ଶ + ݇௭ଶ൯ and can be expressed as: 

௥݂ = 	 ௥ߝ√ߨ2ܿ ට݇௫ଶ + ݇௬ଶ + ݇௭ଶ																																																			(3) 
To find the far-field radiation patterns, magnetic surface 

current model is used. The magnetic surface current 	ܯሬሬԦௌ  is 
evaluated as  ܯሬሬԦ௦ = ሬԦܧ × ො݊ along all sidewalls [1] where ܧ	ሬሬሬԦ is 
the internal electric field and ො݊ is unit normal outward vector. 
The Far field zone electric field is given by [18] ܧఏ = −݆݇݁ି௝௞௥4ݎߨ  (4)																																																																[ఝܮ]

ఝܧ = ݆݇݁ି௝௞௥4ݎߨ ఏܮ (5)																																																																			[ఏܮ] = ߮ݏ݋ܿߠݏ݋௫ܿܨ	 + ߮݊݅ݏߠݏ݋௬ܿܨ − ఝܮ (6)																						ߠ݊݅ݏ௭ܨ = ߮݊݅ݏ௫ܨ−	 +  (7)																																																							߮ݏ݋௬ܿܨ
 

where ܨ௫ = ௫஺஻ܨ	 + 	௬ܨ 			௫஼஽ܨ	 = ௬஻஼ܨ + 	௭ܨ ௬஽஺ܨ = 0 

where ܨ௫஺஻ = ௠௡௣ܣ௫௬ܥ × ቈ ݁௝௏భ௔(݆ ଵܸ)ଶ + ݇௫ଶ (݇௫݊݅ݏ(݇௫ܽ)+ ݆ ଵܸcos(݇௫ܽ)) 	− ݆ ଵܸ(݆ ଵܸ)ଶ + ݇௫ଶ቉ × ௬஻஼ܨ 		௭ܫ 	= ×								 	௝௏భ௔݁(௫ܽ݇)ݏ݋௠௡௣ܿܣ௫௬ܥ ቈ ݁௝௏మ௕(݆ ଶܸ)ଶ + ݇௬ଶ ൫݇௬݊݅ݏ(݇௬ܾ൯ 	+ ݆ ଶܸcos(݇௬ܾ))− ݆ ଶܸ(݆ ଶܸ)ଶ + ݇௬ଶ቉ × ௫஼஽ܨ	 ௭ܫ = ௠௡௣ܣ௫௬ܥ− cos൫݇௬ܾ൯ ݁௝௏భ௕ 										× ቈ ݁௝௏భ௔(݆ ଵܸ)ଶ + ݇௫ଶ (݇௫݊݅ݏ(݇௫ܽ) + ݆ ଵܸcos(݇௫ܽ)) 	− ݆ ଵܸ(݆ ଵܸ)ଶ + ݇௫ଶ቉ × ௭ܫ  

௬஽஺ܨ = ௠௡௣ܣ௫௬ܥ− ቈ ݁௝௏మ௕(݆ ଶܸ)ଶ + ݇௬ଶ (݇௬݊݅ݏ(݇௬ܾ)+ ݆ ଶܸcos(݇௬ܾ)) 	− ݆ ଶܸ(݆ ଶܸ)ଶ + ݇௬ଶ቉ ×  ௭ܫ

Here, ଵܸ = 			;߮ݏ݋ܿߠ݊݅ݏ݇ ଶܸ = 			;߮݊݅ݏߠ݊݅ݏ݇ ଷܸ = ௭ܫ ߠݏ݋ܿ݇ 	= ଷݒ	)ܿ݊݅ݏ)]݀	 + ݇௭)݁ି௝௞೥ௗ) + ଷݒ	)ܿ݊݅ݏ)	 − ݇௭)݁௝௞೥ௗ)] (ݔ)ܿ݊݅ݏ = ൜ 1, ݔ = 0sin(ݔ) ⁄ݔ , otherwise 

B. Circular Microstrip Antenna (CMA) 

The geometry of the Circular MA (CMA) is shown in the 
Fig. 1(b). The radius of the CMA is ܽ. This antenna is also 
placed on the ݕݔ plane like the RMA. To remove the effect of 
the ground plane, image theory is applied like RMA which 
results in an isolated source free CMA having thickness of the 
substrate equal to 2݀ . The eigenfunction ߰(ߩ, ߮, (ݖ  can be 
expressed as: ߰ = ݖ)௭݇]ݏ݋ܿ(߮݉)ݏ݋൯ܿߩ௠൫݇ఘܬ௠௡௣ܣ − ݀)]																						(8)      
where ݇௭ = ߨ݌	 (2݀)⁄ 					 ; ݌						 = 0,1,2,3,4, …. ݇ఘ is the root of  ܬ௠ᇱ ൫݇ఘܽ൯ = 0																																																																														(9) 

Hence, the resonant frequency ( ௥݂) can be computed from 
the separation equation ൫݇ଶ = ݇ఘଶ + ݇௭ଶ൯ as  

௥݂ = 	 ௥ߝ√ߨ2ܿ ට݇ఘଶ + ݇௭ଶ																																																											(10) 
To find far field radiation pattern, magnetic surface current 

is evaluated along the ߩ = ܽ and the far zone electric field is 
evaluated using eq. (4) and (5) where ܮఏ = ௠൫݇ఘᇲܽ൯ܬ	௢ܽܧ2݀ cos(ߠ) 								× ቈ2݆݉ߨ	(௠ିଵ) sin(݉߮) ߠ݊݅ݏܽ݇(ߠ݊݅ݏܽ݇)௡ܬ ቉ × ఝܮ (11)															௭ܫ = ×								 ௠൫݇ఘܽ൯ܬ	ܽ	௢ܧ2݀ ௠ᇱܬ(߮݉)	cos(௠ିଵ)݆	ߨ2ൣ ൧(ߠ݊݅ݏܽ݇) ×  (12)																			௭ܫ
C. Annular Ring Microstrip Antenna (ARMA) 

Fig. 1(c) depicts the antenna geometry of the Annular Ring 
MA (ARMA). The outer and inner radius of the ARMA are ܾ 
and ܽ  respectively. Applying cavity model technique like 
RMA and CMA, the eigenfunction ߰ can be expressed as: ߰ = ൯ܻᇱ௠൫݇ఘܽ൯ߩ௠൫݇ఘܬൣ ᇱ௠൫݇ఘܽ൯ܬ	− ௠ܻ൫݇ఘߩ൯൧ 										× cos(݉߶) cos[(ݖ − ݀)݇௭]																																						(13)		 
Here, ݇ఘ = ܺ௠௡ ܽ⁄  and ܺ௠௡ is the root of eq. 14 

௠ᇱܬ  (ܴܺ௠௡) ௠ܻᇱ (ܺ௠௡) ௠ᇱܬ	− (ܺ௠௡) ௠ܻᇱ (ܴܺ௠௡) = 0													(14) 
Here ܬ௠ and 	 ௠ܻ  is first and second kind Bessel function 
respectively and, ܴ = ܾ ܽ⁄ . 



The resonant frequency is computed from separation equation ݇ଶ = ݇ఘଶ + ݇௭ଶ  and can be evaluated as: 

௥݂ = 	 ௥ߝ√ߨ2ܿ ට݇ఘଶ + ݇௭ଶ																																																											(15) 
In a similar way like RMA and CMA, the far-field pattern is 
evaluated using magnetic surface current model. The ܮఏ and ܮఝ can be expressed as: ܮఏ = ఏ௔ܮ	 + ఏ௕ܮ ఝܮ (16)																																																																											 = ఝ௔ܮ	 + ఝ௕ܮ 																																																																										(17) 
where ܮఏ௕ = 2ܾܼ݀௠௡௕ cos(ߠ) ቈ2݆݉ߨ	(௠ିଵ) sin(݉߮) ߠ݊݅ݏܾ݇(ߠ݊݅ݏܾ݇)௡ܬ ቉ 							× ఝ௕ܮ (18)																																																																																						௭ܫ = 2ܾܼ݀௠௡௕ ௠ᇱܬ(߮݉)	cos(௠ିଵ)݆	ߨ2ൣ ×						 ൧(ߠ݊݅ݏܾ݇) ఏ௔ܮ (19)																																																																																							௭ܫ = −2݀	ܽ		ܼ௠௡௔ ߠݏ݋ܿ	 ቈ	2݆݉ߨ	(௠ିଵ) sin(݉߮) ߠ݊݅ݏܽ݇(ߠ݊݅ݏܽ݇)௡ܬ ቉ 							× 	 ఝ௔ܮ      	(20)																																																																																				௭ܫ = −2ܼ݀ܽ௠௡௔ ௠ᇱܬ(߮݉)	cos(௠ିଵ)݆	ߨ2ൣ ×							 ൧(ߠ݊݅ݏܽ݇)  (21)																																																																																					௭ܫ
Here, ܫ௭ = ℎൣ()ܿ݊݅ݏ	ݒଷ + (௭)݁ି௝௞೥௛ߚ +	൫)ܿ݊݅ݏ	ݒଷ − ௭)݁௝ఉ೥௛൯൧ ܼ௠௡௕ߚ = 	 ௠൫݇ఘܾ൯ܬ ௠ܻᇱ ൫݇ఘܽ൯ ௠ᇱܬ	− ൫݇ఘܽ൯ ௠ܻ൫݇ఘܾ൯ ܼ௠௡௔ = 	 ௠൫݇ఘܽ൯ܬ ௠ܻᇱ ൫݇ఘܽ൯ ௠ᇱܬ	− ൫݇ఘܽ൯ ௠ܻ൫݇ఘܽ൯															(22) 

III. RESULTS AND DISCUSSION 

In this section, we have given a comparison between the 
characteristics of RMA, CMA and ARMA. The shapes of 
those antennas are different. Therefore, we need a common 
platform for comparison purpose. To make a comparative 
study between those three antennas, the area of the microstrip 
antenna is kept same for all antennas. Besides, the relative 
permittivity ߝ௥ and the thickness of the substrate is ݀ are kept 
same for all those three antennas. The substrate thickness of 
all MAs is taken equal to ݀	 = 	1.59	݉݉	 and dielectric 
constant is ߝ௥ = 2.32. The radius of the CMA is 60.6	݉݉ 
and the inner and outer radius of the ARMA are 35݉݉ and 70݉݉ respective. In case of RMA, the length and width are 
taken equal to 131.1݉݉  and 87.34݉݉ respectively. Those 
dimensions are chosen in such a way that the MAs should have 
same areas. 

A. Resonant frequency 

In this section we have done comparison of resonant 
frequency of RMA, CMA and ARMA keeping their area 
constant. It is found from Table I that the CMA has higher 
resonant frequency at fundamental mode compared to RMA 
and ARMAs whereas ARMA gives lowest resonant frequency 
at fundamental mode. The fundamental mode occurred for 
both CMA and ARMA at modal index of ݉ = 1, ݊ = 1 and ݌ = 0 whereas the same occurs at ݉ = 1, ݊ = 0 and ݌ = 0 
for RMA. 

TABLE I.  COMPARISON OF RESONANT FREQUENCY(AREA = 0.0115݉ଶ AND ߝ௥ = 2.32) 

SL No 
of 

Diff 
Modes 

RMA (࢈ = ૚. ૞  CMA (ࢇ
Radius = ࢇ 

ARMA (࢈ = ૛ࢇ) 
Mode ࢠ࢖࢔࢓ࡹࢀ  

Freq. 
(GHz) 

Mode ࢠ࢖࢔࢓ࡹࢀ  
Freq. 
(GHz) 

Mode ࢠ࢖࢔࢓ࡹࢀ  
Freq. 
(GHz) 

ଵ଴଴௭ܯܶ 1 ଵଵ଴௭ܯܶ 0.75  ଵଵ଴௭ܯܶ 0.95   0.61 

଴ଵ଴௭ܯܶ 2 ଶଵ଴௭ܯܶ 1.13  ଶଵ଴௭ܯܶ 1.58   1.20 

ଵଵ଴௭ܯܶ 3 ଴ଶ଴௭ܯܶ 1.35  ଷଵ଴௭ܯܶ 1.98   1.77 

ଶ଴଴௭ܯܶ 4 ଷଵ଴௭ܯܶ 1.50  ସଵ଴௭ܯܶ 2.17   2.32 

ଶଵ଴௭ܯܶ 5 ସଵ଴௭ܯܶ 1.88  ହଵ଴௭ܯܶ 2.75   2.84 

଴ଶ଴௭ܯܶ 6 ଵଶ଴௭ܯܶ 2.25  ଴ଶ଴௭ܯܶ 2.76   2.86 

ଵଶ଴௭ܯܶ 7 ହଵ଴௭ܯܶ 2.37  ଵଶ଴௭ܯܶ 3.32   2.94 

ଷଵ଴௭ܯܶ 8 ଶଶ଴௭ܯܶ 2.52  ଶଶ଴௭ܯܶ 3.47   3.16 

ଶଶ଴௭ܯܶ 9 ଴ଷ଴௭ܯܶ 2.71  ଺ଵ଴௭ܯܶ 3.63   3.34 

ସ଴଴௭ܯܶ 10 ଺ଵ଴௭ܯܶ 3.00  ଷଶ଴௭ܯܶ 3.88   3.51 

 
It is also found that the RMA supports more modes for a 

given range of operating frequency. For example, RMA 
supports 10 modes within 3.00GHz whereas CMA and 
ARMA support 6 and 7 modes (approx.) respectively as 
shown in Table I.  

• Therefore, RMA will give more flexibility to design an 
antenna compared to CMA and ARMA in term of 
frequency selection.  

• Besides, ARMA shows fundamental mode at lower 
frequency. Hence, to design compact antenna, ARMA 
is preferred over RMA and CMA. 

B. Radiation pattern 

Far-field radiation patterns of RMA, CMA and ARMA are 
compared here for first three modes. MATLAB code is written 
for comparison purpose. ܧ -plane (߮ = 0୭)  and ܪ -plane (߮ = 90୭)  are computed for all three antennas. After 
obtaining all three patterns, the maximum value between those 
three far-field patterns is used to normalize all those patterns. 

Radiation pattern for the fundamental mode of those 
antennas are shown the Fig. 2. The maximum value of those 
three It is found from Fig. 2 that the RMA has strongest 
radiation compared to other MAs at ߠ = 0୭ for both ܧ and ܪ 
plane. It is also observed that at  ߠ = 0୭, CMA and ARMA 
have maximum radiation but it is 2dB and 5.5 dB less 
respectively compared to  maximum radiation of RMA in 
both radiating plane. It is also found that the Half Power 
Bandwidth (HPBW) of RMA are 98଴  and 86଴  for ܧ-plane 
and ܪ-plane respectively. In case of CMA and ARMA, the 
HPBW are same for H-plane ( 82୭ ). In case of E-plane, 
ARMA has larger HPBW (104୭) compared to other MAs in 
E-plane radiation.  

 In the case of 1st higher order mode which is shown in the 
Fig. 3, the RMA produces peak at the broad side direction for 
whereas CMA and ARMA give a null in the broad side 
direction. It is also found that the normalized ܧ-plane and ܪ-
plane of the ARMA are just overlapped on each-other. The 
same observation is found for CMA also. In this mode RMA 
has good HPBW 	72௢(ܧ-plane) and 98௢ (ܪ-plane) compared 
to the other MAs.In the case of 2nd higher order mode, all the 
antennas have a null at ߠ = 0୭ in both ܧ and ܪ plane power 
patterns. In the ܧ -plane, RMA and ARMA show 4dB 
(approx.) and 10dB (appox.) low compared to CMA whereas 
the same is approx. 12dB both for RMA and ARMA in ܪ-
plane. 



 

 
Fig. 2. Normalized far-field at fundamental mode  ܶܯଵ଴଴௭ (RMA)	; ܶܯଵଵ଴௭  	(CMA) and ܶܯଵଵ଴௭  (ARMA)  

 
Fig. 3. Normalized far-field at 1st higher order mode ܶܯ଴ଵ଴௭  
(RMA);		ܶܯଶଵ଴௭ 	(CMA) and ܶܯଶଵ଴௭  (ARMA)      

 
Fig. 4.  Normalized far-field at 2nd higher order mode: 	ܶܯଵଵ଴௭ (RMA);		ܶܯ଴ଶ଴௭ (CMA)  and ܶܯଷଵ଴௭  (ARMA) 

IV. CONCLUSION 

In this paper, a comparative study between rectangular 
MA (RMA), circular MA (CMA) and Annular Ring MA 
(ARMA) is presented for first three modes, for the first time. 
The area of the radiating patch antenna is kept equal for all 
three antennas. Cavity model is used here for comparison 
purpose. From the above study, it is found that. 

• The resonant frequency of ARMA is lower than RMA 
and CMA at the fundamental mode. Hence, ARMA 
can be used to design compact antenna preferred over 
RMA and CMA.  

• It is also found that the RMA supports more modes for 
a given range of operating frequency. For example, 
RMA supports 10 modes within 3.00GHz whereas 
CMA and ARMA support 6 and 7 modes (approx.) 
respectively as shown in Table I. 

• All the fundamental mode of RMA, CMA and ARMA 
shows a peak in the broadside direction. 

• RMA shows strongest far-field patterns compared to 
CMA and ARMA at fundamental mode.  

• At fundamental mode, ARMA shows wider HPBW 
(104୭ ) in ܧ -planewhereas the RMA shows wider 
HPBW (98୭) at ܪ-plane. 

• The first higher order mode of RMA (ܶܯ଴ଵ଴௭ )  is a 
broadside radiating mode whereas the same of CMA (ܶܯଶଵ଴௭ ) and ARMA (ܶܯଶଵ଴௭ ) produce a null in the 
broadside direction. 

• The second higher order mode of RMA(ܶܯଵଵ଴௭ ), CMA (ܶܯ଴ଶ଴௭ ) and ARMA (ܶܯଷଵ଴௭ ) produce a null in the 
broad-side direction. 

• Therefore, RMA shows two broad-side radiating 
modes out of first three modes compared to CMA and 
ARMA. 
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