Some Fascinating Sum Formula Involving Balancing Number

Gopal Krishna Panda

Abstract: The problem of finding sums of specific sequences of natural numbers had been a fascination
to mathematicians. In this connection, there is an interesting story about the famous German
mathematician Carl Friedrich Gauss when he was just eight years old and was in primary school. One day
Gauss' teacher asked his class to add together all the numbers from 1 to 100, assuming that this task
would occupy them for quite a while. He was shocked when young Gauss, after a few seconds thought,
wrote down the answer 5050. There are binary recurrence sequences having sum formulas resembling
that for natural numbers, e.g. the sum of first n odd positive integers is equal to n?, while the sum of first
n odd balancing numbers is equal to the square of the n™ balancing numbers. The talk focuses on certain
sum formulas involving balancing numbers. In each formula, if the balancing numbers is replaced by its
index, it reduces to a known formula for natural numbers.
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The Diophantine equation

y? —dx* =1
is known as Pell’s equation and the particular case
y? —8x%* =1
has the solutions
an _ 'Bn an + ,Bn
X=B —_ ) =C — ,n:1,2,...
n 2 y n 5

B,,’s are known as balancing numbers while C,, 's are called
Lucas-balancing numbers. The Lucas-balancing numbers
are associated with balancing numbers in the way Lucas
numbers are associated with Fibonacci numbers.
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The problem of finding sums of specific sequences
of natural numbers had been a fascination to
mathematicians. In this connection, there is a
interesting story about the famous German
mathematician Carl Friedrich Gauss when he was

just eight years old and was in primary school.
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One day Gauss' teacher asked his class to add
together all the numbers from 1 to 100, assuming
that this task would occupy them for quite a while.
He was shocked when young Gauss, after a few
seconds thought, wrote down the answer 5050.
The teacher couldn't understand how his pupil had
calculated the sum so quickly in his head, but the
eight year old Gauss pointed out that the problem
was actually quite simple. This led to the discovery

of the famous formula

nn+1)
1+2++n= .
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The sequence of natural numbers is enriched with
the following sum formulas.

nn+1)
1+2+44n=—70
1+3+-+02n—-1) =n?
2+4+--+2n=nn+1)
nn+1)2n+1
1% 4+ 2% 4+ -+ n? = ( )6( )
2
1 +23 4+ 4m3 = n(n+1)]
2
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A natural question is : “Is it possible to find such sum
formulas for specific integer sequences?” Panda [8]
answered this question in affirmative, at least for the
sequence of balancing numbers. He showed that

Bl + Bg + .-+ BZTl—l —_ an
and
Bz + B4_ + .-+ BZTL — Ban+1

where B, is the n' balancing numbers. These formulas
exactly look like corresponding sum formulas for natural
numbers.

What is a balancing number?
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Every balancing number n is associated with a balancer r

and such pairs (n, r) are solutions of the Diophantine
equation

142+ +m-1D=m+1D++n+r).

The balancing numbers can also be obtained from the binary
recurrence

Byn+1 = 6B, —Bp1
with initial values B, = 0,B; = 1.
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The Binet form for balancing numbers is

wherea = 3 + 2\/7,,8 = 3 — 24/2. The balancing numbers satisfy the
identities

_ p2 2
Bn+r ] Bn—r — Bn — Br
forn = r. In particular, forn = 1, one has
_ p2
Bn+1-Bn-1 =B — 1.

Bopn_1 = Br% — 3121—1

Department of Mathematics, National Institute of Technology, Rourkela-769008, Odisha, INDIA



Curious sums, Speaker : Prof. G. K. Panda

Panda and Rout [7] proved that the class of sequences
obtained from the binary recurrences
Xn+1 = AXp — Xpg

with initial values xo =0, x;=1, where A > 2 is any
arbitrary integer, also satisfies

X1 ~+ X3 + -+ Xon—1 = xnz

and
X2 -+ X4 + -+ Xon — XnXn+1

It is important to note that the natural numbers are
solutions of the above binary recurrence corresponding to
A = 2. Hence, the sequences arising out of the above
binary recurrences are called natural sequences.
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Panda and Ray [6] obtained the following interesting sum formula for
balancing numbers.

B1 +B2 + +B7’l —_ an+1

where R,, denotes balancer corresponding to the the nt" balancing
number.

The balancers’ sequence R, coincides with the sequence of
cobalancing numbers. Every cobalancing number n is associated with a
cobalancer r and by definition such pairs (n,7) are solutions of the
Diophantine equation

1424+-n=Mnm+1)+--+n+r).
The cobalancing numbers can also be calculated from the binary
recurrence

bpir = 6by —by_q + 2

with initial values by = by = 0.
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An important observation about the sum formulas for
balancing numbers is that

nfl+2+--+2n—1and n|1+2+ -+ 2n.

A similar result also holds for the sum of balancing numbers,
see [8].

By + By + -+ Bap_q = By(By—1 + By)
and

B;+ By, + -+ By, =B,(B,,1 + B)).

These formulas resembles sum formulas for natural numbers
in the sense that they continue to hold if B, is replaced by n.
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For the integer sequences obtained from the class of
binary recurrences

Xn+1 = AXp — X1

with initial values xo = 0, x;= 1, where 4 > 2, we also
have

X1+ Xpt ot Xopp1 = xn(xn—l T xn)
and
X1 ~+ X9 + - Xon = xn(xn_|_1 ~+ Xn).
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So far as the sum of squares of balancing numbers is
concerned, we do not have a formula resembling that for
natural numbers. The sum formula

Bony1 —2n—1

32

Bi? + By* + -+ B, =

can be derived from the Binet form for balancing numbers.
For example, whenn = 3
B.* + B,* + B3* = 12 + 6% + 35% = 1262
while
B-—6—1 40391-6-—1

35 35 = 1262.
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The following are some interesting sum formulas with alternating
signs:

2n—1 B B
z (_1)k—1 Bkz _ 2n—61 2n
k=1

2n—1

k=0 6

C,= \/BBnZ + 1 is the n*" Lucas-balancing number, can be

calculated recurrently as C,,,.1 = 6C,, — C,,_1 with initial values

Co=1,C1 = 3.TheBinetformis C,, = an;ﬁn.
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. o . _ _ B _.B
Verification of Y2n 1(—1)k1B,? = 22 —

B;* — B,%+ B;* = 1% —62 +352=1190,

= = 1190.
B, 6

Verification of X% (=1)*1(,* = 8- BZ"_6132"

—Co” + C1% — G+ C3° = 12 =32 +192 — 992 =9520,

g - B3 By - g- 35:204 — 9520

B,
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2n—1

B,,C
_{)k-1p. = —>2nt2n-1
D, (CD By ==

Proof: Using the Binet form for balancing numbers

SRS (~ 1) By = 15 X (— D (a2 — g

4\/_[ aZ+1 f2+1

ﬁ[—a‘m_l + B+ a* 1 — q]

1 _
—= [1+ Byp—1

amh+1 —B4n+1]

1 _
_'E[BZnCén—l_
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In a similar manner, the following identities can be verified.

2n—1

8By, By
z (—1)k1 ¢, = 2n3 2n—1
k=0
2n—1 B B
—1 k_lB 2 _ I4n—-2%74n
kZl< Vo By = =2
2n—1

B B
_1\k-1c, 2 — g.4n—28m
;< Yl Ca N
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It is easy to verify the following sum formula for natural

numbers
2n—1

Z (—1)1 2k (k + 1) = (2n)?
k=0

The following formula (which can be easily proved by induction)
in terms balancing numbers is similar to the above formula

2n—1

> (~1)F"' ByBiBisy = Ban
k=1
Verification:
B,(ByB, — B,Bs + B3B,) = 6(1-6 — 635 + 35.204) = 41616
B,* = 204% = 41616
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Well-known sum formula for natural numbers:

n
n?(n + 1)%2
Zk2-2k= (2 )

Sum formula for balancing numbers resembling the above

formula
n
2 2
B 2 ‘B, — Bn Bn+1
k 2k =
k=1

B,
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Proof (by induction): The statement is true forn = 1. For

n=m-+4+1,

2

Zm+1 B B _ Bszm+1 _I_ B ZB
k 2k — B, m+1 2m+2

_ Bl p 2,.p  p
— B, m 2m-+2 2)

2 2
Bm+1"Bm+2

B,

by induction statement is true for all n.
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Well-known sum formula for natural numbers:

n

z(—l)""k- 12 n(n + 1).

2
k=1

Sum formula for balancing numbers resembling the above

formula is
n

z (_1)n—kBk2 — Ban+1

B
k=1 2
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Well-known sum formula for natural numbers:

2 k(k +2)(2k + 2) = n(n + 1)(n2+ 2)(n + 3).
k=1

Sum formula for balancing numbers resembling the
above formula

Ban+1Bn+2Bn+3
B

n
> BiBis2Baicrz =
k=1
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Proof: Statement is true for n = 1. Assuming the statement
true for n = m and using the index reduction formula

B,By — BBy = Bg+rBp+r — BesrBasr
which holds whena + b = ¢ + d, we have

Bm+2Bm+3 + B
B,

m+1 BmBm+1
Z BkBk+ZBZR+2 — m+1Bm+SBZm+4

__ Bm+1Bm+3

= B BB+ + B2Bomial
__ Bm+1Bm+3

— B, _BmBm+2 _ B—ZBZm+4]

Bmt1 I3 (Bm+ZBm+4)

B,

which shows the statement is true forn = m + 1.
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Well-known sum formula for natural numbers:
n
Z(—m—k- 2(2k — 1) = 2n.
k=1

A sum formula for balancing numbers resembling the
above formula

n
z (—1)"*ByB,_1 = By
k=1

Verification:
B,(Bi —B;+B:) =6(1—-35+1189) = 6930 = By
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Well-known sum formula for natural numbers:

2k-3k =n(n+1)(2n+1).
k=1

2

Sum formula for balancing numbers resembling the above
formula (which can be proved by induction)

n
Ban+1BZn+1
B, B>, =
kP3k Bz
k=1
Verification:
BiB; + B,B, =1-35+6.6930 = 41615
B,;B3Bs

= 35-1189 =41615
2
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Well-known sum formula for natural numbers:

—1
zzk omn ]

Sum formula for balancing numbers resembling the

above formula
Zn: 1 an_l
- B z‘n .
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Proof:
n 1  «n Byk_jk-1
k=1 — Lk=1
B,k B, k-1B,k
_ | B, k-1,,8,k-Bk-1B,k 4
fe=1 B, k-1B,k
_\yn Bok-1,, Bk,
fe=1 B, k-1 B,k

By _ Bynig

an—l

Bon
2
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Other sum formulas

n
B.B B C . BnBn+1 - Bniom+1
kPk+1 """ Pk+2mtk+m — 2B
m+1
k=1
Proof: Let
_\n __ BuBn+1---Bn+2m+1
ln = Lk=1BrBr+1 " BrromCirm, Tn = .
5 5 2Bm+1
: __ Bp+1'Bn+2
Since, 1, —Th—1 = - S [Bn+2m+1 o Bn—l]
5 ZBnlzgﬂ
_ BPn+1"""Bn+2m
= B s (2 41 Cm)
= Bn+1 ' BntomCntm
— ln — ln—l
__ B1B2*Bom+2 __ _
Now, 73 =——_ = B1B3 ** Bom+1Cim+1 = b
m+1
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Applying similar technique one can also prove

n
Ban+1 Bn+2m+1

2Bm+1

(=) BiBys1 - BryamCram = (=)™
k=1

CnCn+1 Bn+2m+1 — 6162 C2m+1
16Bm+1

n
z CkCr+1 " CkromBrem =
k=1

n

Z(—l)k' CrCr+1 " Crr2mCram
k=1

_ (_1)nCnCn+1 Bn+2m+1 - C1C2 CZm+1

2Cm+1
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n 2

2 2
Bn Bn+1 "'Bn+2m+1

2 2 2 _
By Bx+1” " Brtom Br+am =

B
=1 2m+2

n

2 2 2
Cr” Cx+1” ** Ckyom Br+2m
k=1

2 2 2 2, 2 2
_Cn Cr+1”  Cnaoma1” — G767 - Comaq

8BZm+2
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Some convolution-type sum formulas for balancing and

Lucas balancing numbers
n

1
Bk Cmn-k) = 5 (n+ DBy
k=0
Proof:

ZZ:O Bmk Cm(n—k)

— %Z?:o(aznm . IBan + a4mk—2nm . IB4nk—2nm)
1 1
=3 (n + 1)Bnm + 2 7il=0 Bmi-nm

1
> (n+ 1)Bnm

Since Y.i_g Bim(i—n) = 0as By = 0,B_, = —B,
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n
n m-—1

Z (k) Bk Cm(n—k) = 2 Binn

k=1

n
Z(_l)kBmk Cm(n—k) = 3
k=1

Verification: Forn = 2,

( an . .
- if n is even
B
_ Zmn+l) if n is odd
\ 2C,,

(O)BoCs + (2)ByCy + (3)BuCo=0+2-6-17 + 1-204.1 =

408 = 2-204 = 2-B,
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B
n ( % if n is even
k _
kz;)(_l) e Bm(n_k) - —Bm(n+1) if n is odd
) . 2C,

0 ifn is even
2( 1) Bmk Cmn-t) = (4\/_) " ifnis odd

Z( 1) mk Bm(n k)

0 if n is even
(4\/_ ) "ifnis odd
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Fork = 6,
i B,  k
k" kZ-—-6k+1°
n=0
Proof:
o S - ()]
= -\ =
n=0 4\/En=0 k k
_ [k k.
42 lk-a k-8B
kI a—f5
42 L(k-a)(k-p).

k
k?2—6k+1

The convergence can be made faster by choosing larger value of k.
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Fork = 6

n=0

i nC, k(3k? — 2k + 3)
k" (k% — 6k + 1)?

n=
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Under the same condition

i n?B, k(k* +6k3 — 6k* + 6k + 1)
kno (k2 — 6k + 1)3

i n2C, k(3k* + 14k3 — 14k — 3)
kno (k2 — 6k + 1)3

n=0
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