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Singular Perturbation Problems

@ Si ngul ar perturbed problenms (SPPs) arise in
several branches of engineering and applied
mat hemati cs i ncl udi ng convecti on-doni nat ed
fl ow problens with | arge Reynol ds nunbers
in fluid nechanics, nodelling
sem - conduct or device and problens in
popul ati on dynam cs etc.
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Singular Perturbation Problems
@ Si ngul ar perturbed problenms (SPPs) arise in

several branches of engineering and applied
mat hemati cs i ncl udi ng convecti on-doni nat ed
fl ow problens with | arge Reynol ds nunbers
in fluid nechanics, nodelling

sem - conduct or device and problens in
popul ati on dynam cs etc.

Differential equations where the highest
order derivative is multiplied by an
arbitrarily small paraneter ¢ known as the
si ngul ar perturbation paraneter.

Sol utions of these probl ens possess
boundary | ayers which are thin regions in
t he nei ghbor hood of the boundary of the
domai n, where the gradients of the

sol utions steepen as ¢ — 0.
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eu’(x) + U'(x) =0, x € (0,1),
u(0) =1,

Solving this BVP oruniform mesh

u(l)=o0.
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el’(x) + U (x) =0, x € (0,1),
ul0) =1, wu(l) =0.
Solving this BVP oruniform mesh

- Y= Numerical =% - Numerical
— Exact —— Exact
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Figure: Numerical solution with exact solution fer= 1le — 2.
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Motivation

@ Nuneri cal experiments conducted on uniform
nmesh, reveal that the classical nethods usually
fail to decrease the maxi mum poi nt-w se error
as the nesh is refined, until the nesh
paranmeter (N) and the perturbation paraneter(e¢)
have the sane order of mmgnitude.
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Motivation
@ Nuneri cal experiments conducted on uniform
nmesh, reveal that the classical nethods usually
fail to decrease the maxi mum poi nt-w se error
as the nesh is refined, until the nesh
paranmeter (N) and the perturbation paraneter(e¢)
have the sane order of mmgnitude.

® This is unacceptable due to the vast
conput ati onal cost.

@ This drawback motivates to devel op the concept
of e-uni form nunerical nethods.
® A nunerical nethod is e-uniformy convergent,
i f
sup [lu—UN||opxn <CNP, p>0,
0<e<1
whereC is independent ofnesh points, mesh size and the parameter
u— Exact solutionUN — Numerical approximation.

N — No. of mesh elementp,— Rate of convergence. @
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@ The main objective of the work is to
develop, analyze and improve the e-uniform
upwi nd net hods resol ving paranetri zed
boundary-val ue probl ens usi ng nonuni form
mesh.
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Objective

@ The main objective of the work is to
develop, analyze and improve the e-uniform
upwi nd net hods resol ving paranetri zed
boundar y-val ue probl ens usi ng nonuni f orm
mesh.

Two ki nds of nonuni form neshes are
di scussed

® Shi shki n nmesh

o Adaptive grid
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The Shishkin mesh

This mesh has a transition pointwhere

(1
o= mln{é,ooeln N}.

whereoq depends on the convective coefficient.
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The Shishkin mesh

This mesh has a transition pointwhere

(1
o= mln{é,ooeln N}.

whereoq depends on the convective coefficient.
o Divide the[0, 1] into two subdomaing0, o) and|c, 1].

o Divide the[0, o) into N/2 equal subdivisions of width and
[0, 1] into N/2 equal subdivisions of width.

@ Hence, the Shishkin mest = {x}N ;, wherexo = 0,xy = 1
and the mesh width; := x; — x;_; satisfyh; = h for
i=1---N/2andhj =Hfori=N/2+1,---N.

@ Thepiecewise-uniform mesis entirely determined by the two
chosen parameteis ando. @
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The Shishkin mesh

N/2 N2
L1 | | |

Figure:Shishkin mesh with N=8 for left layer.
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Figure:Shishkin mesh with N=8 for left layer.
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Figure: Shishkin mesh with N=8 for right layer.
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Adaptive grid
A grid 2N is said to be equidistributing, if

/Xj M (u(s), s)ds= /XHlM(u(S),S)dS, j=1,...,N—1,
X

- X

whereM (u(x),x) > Ois called the monitor function.

References

(1)

&



Introduction Parameterized SPP on Adaptive grid Numerical Experiments oncldsion
000000008000

Adaptive grid
A grid 2N is said to be equidistributing, if
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- X

whereM (u(x),x) > Ois called the monitor function.
Equivalently, (1) can be expressed as

j—1

X 1 [t .
/x, M(u(s),s)ds:ﬁ/O M(u(s),s)ds j=1,...,N—1
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Adaptive grid
A grid 2N is said to be equidistributing, if
X X+1
/ M(u(s),s)ds:/ M(u(s),s)ds j=1,...,N—1,
X1 %

whereM (u(x),x) > Ois called the monitor function.
Equivalently, (1) can be expressed as

1

j—1

’ M ds= lM d j=1 N-1
/x, (u(s),s) S—N/o (u(s),s)ds j=1,...,N—1

References

(1)

)

In practice, the monitor function is often based on a simpfefion

of thederivatives of the solutian
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Adaptive grid
Here, we considethe arc—length monitor function

M (u(x), x) 1+ (U(x))2.

®3)
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Adaptive grid

Here, we considethe arc—length monitor function

M (u(x),x) = 4/1+ (U(x))2. (3)

In other words, we can construct the mesh from (1) as theisolof
the following nonlinear system of equations:

(§+1 = %)% + (Uj’il - UjN)Z = (% —%-1)* + (UjN - UjN—l)Zv
ji=1....N-1

=0 xx=1
(4)
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Adaptive grid

Here, we considethe arc—length monitor function

M (u(x),x) = 4/1+ (U(x))2. (3)

In other words, we can construct the mesh from (1) as theisolof
the following nonlinear system of equations:
(§+1 — %) + (Uj’il - UjN)2 = (% —%-1)* + (UjN - UjN—l)zv
j=1,...,N—1,
=0 xx=1
(4)

The discrete problem and (4) are solved simultaneously taimkhe
solutionUN and the gridsq.

@



Da



@ |Initialize mesh-Construct uniform mesko, 1/N, 2/N, ..., 1}
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Adaptive algorithm
@ |Initialize mesh-Construct uniform mesko, 1/N, 2/N, ..., 1}.

@ Foreactk =0,1,2. .., compute the numerical solutimﬁk) from the discrete problem.
Let hi(k) = ><i<k) — xi(E)l for eachi.
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Adaptive algorithm
@ |Initialize mesh-Construct uniform mesko, 1/N, 2/N, ..., 1}.

@ Foreactk =0,1,2. .., compute the numerical solutimﬁk) from the discrete problem.
Let hi(k) = xi(k) — xi(E)l for eachi.

© Now
k) \/1+ D— U k))Z \/(U(k) k)) + (hi(k))z

be the arc-length between the p0|(|x$ )1, (E) ) and(xi(k), ui(k)) in the piecewise

continuous solutioni®). Now the total length is (9 := SN 19
© Test meshchoose a constaly > 1 to be user-chosen constant. Stopping criteria is if

maxli<k)

Co
it B ey
L&  — N’
holds true, therSTOR. Otherwise, continue to step-
© New meshchoose pointg0 = x{ < Xt < < x{(FD — 13 such that
for eachi, the distance frontxT" u*Ty and(x* ¥, ™)), measured along the
polygonal solution curve® (x), equalsL(®) /N. Return to stef.
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Movement of the mesh towards left
_Eula/(x) - U/&.(X) = 07 X e (07 1)7
u:(0) =1, wu.(1) =0,

1 T T T T

0.8}

0.6}

0.4}

0.2}

S S S S SR
B S s S S S e e e

1 0 5 10 15 20
N

(a) Mesh movement toward left. (b) Final computed mesh.

@

Figure: for e = 10~? andN = 20.
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Model problem
Consider the following singularly perturbed ParametetiB&/P:

{ Lu(x) = el (x) + f(x,u,\) =0, x € 2=(0,1), )

UO0) =0, (1) =i,
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Model problem
Consider the following singularly perturbed ParametetiB&/P:

{ Lu(x) = el (x) + f(x,u,\) =0, x € 2=(0,1), )

UO0) =0, (1) =i,

9o 0 < e < lis asmall parametei = Control parameter
@ The functiond (x, u, A) is sufficiently smooth such that

f(x,u,\) € C3([0,1 x R?)),

of * 2
O<a§%§a < 00 (X,u,A) € [0,1] x Re, (6)

f
O<m§|%|§|\/|<oo (x,u,\) €[0,1] x R2.
@ S, S are given constants.
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Model problem
Consider the following singularly perturbed ParametetiB&/P:

{ Lu(x) = el (x) + f(x,u,\) =0, x € 2=(0,1), )

UO0) =0, (1) =i,

9o 0 < e < lis asmall parametei = Control parameter
@ The functiond (x, u, A) is sufficiently smooth such that

f(x,u,\) € C3([0,1 x R?)),

O<a§%§a*<oo (x,u,\) € [0,1] x R?, (6)
O<m§|%|§|\/|<oo (x,u,\) € [0,1] x R

@ %, S are given constants.

@ The solutionu(x) exhibits aboundary layeof width O(¢) at

x=0. @
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A brief background

e Amiraliyev et. al.(2006) solved the BVP (5) using upwind
scheme on shishkin mesh and shown the order of convergence
i.e., O(N1InN).
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A brief background

e Amiraliyev et. al.(2006) solved the BVP (5) using upwind
scheme on shishkin mesh and shown the order of convergence
i.e., O(N1InN).

@ Z.Cen(2008 solved the BVP (5) using hybrid scheme on
shishkin mesh.

o F. Xie et. al.(2008) used boundary layer correction technique to
solved the BVP (5).

@ Whether the adaptive grid approach can be applied to the BVP
(5)?

@ Whether we can getore efficient and accurate- uniform
method using the adaptive grid for the BVP (5) ?
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Discrete problem

The upwind finite difference scheme for (5) takes the form
{ LNUj = —eD7Uj +f(x,Uj,A\") =0, 1<j<N-1,
Uo=%, Un=s51.

Uj— U4

whereD~U; = H ;
/

()

Reference
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The upwind finite difference scheme for (5) takes the form
{ LNUj = —eD7Uj +f(x,Uj,A\") =0, 1<j<N-1,
Uo=%, Un=s51.

Uj— U4

whereD~U; = H ;
/

Reference

()

The solution{u(x), A} of (5) satisfies the following inequalities:

Al <C, ]uk(X)\SC{l—i—a’kexp(—O;—X),xeﬁ, k=0,1,23
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Main Result
We solve the nonlinear problem (7) using the following itena technique:

(st —u_D)ent + (L s, A

n_ yn-1_
A=A Of JON(1, 81, An-1) ’

n n—1

PP V1 et (L AP
o O D, UL A +

wherep; = h;/e andA @, u® are the initial iterations given.

&
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Main Result

We solve the nonlinear problem (7) using the following itena technique:

(st —u_D)ent + (L s, A
af JON(1, 51, An-1) ’

)\n — )\n—l _

gt W e RO U A
- Of /ou(xi U1, ) + it

wherep; = h;/e andA @, u® are the initial iterations given.
Theorem

Let{u(x), A} and{U], AN} be the exact solution and discrete solution o
grids defined above respectively. Then, there exists a@or@tindependent
of N ande such that

=

maxju(x) — UM < CN7', A= AN < CN™L (8)
i

&
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Numerical Example

eU' (X) + 2u — exp(—Uu) + X2 + X + tanh(A + x) = 0,
xe N=(0,1), (9)

u©0) =1, u(d)=0.
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Numerical Example

eU' (X) + 2u — exp(—Uu) + X2 + X + tanh(A + x) = 0,
xe N=(0,1), (9)

u©0) =1, u(d)=0.

@ The exact solution is not available.
@ The error is calculated by the idea of interpolation.

o Define

N N —2N N N 2N
E&.’u:mjaX|Uj *UJ |, E€7/\: |)\ *)\ |

N
€,

E EN
N _ u N 20
ew = log, <E2N> ;o Tea= log, <E2N .
€,u 5,)\
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Graphs
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(a) Mesh movement in the layer region. (b) Mesh movemeneiregular region
k] 4
é\\& ] JIiddad bk N
(a) Mesh movement. (b) Final computed mesh g }
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Figure: Mesh movement far= 1le — 2, andN.= 40.
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Graphs and Tables

Ps —O~ Numerical Solution
° —+— Exact Solution

u
Error

o o1 0z 03 04 05 06 07 05 05 LT T S T i T
x

(a) Solutions. (b) Error.

Figure: Solutions and the error for = 1e — 2, andN = 20.
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Graphs and Tables

Parameterized SPP on Adaptive grid

—&- Numerical Solution
—+— Exact Solution

(a) Solutions.

Numerical Experiments

Conclusion

T

(b) Error.

Figure: Solutions and the error for = 1e — 2, andN = 20.

Table: Maximum point-wise errorg! , and the rate of convergencg, .

Number of intervaldN

16 32 64 128 256 512 1024
le—4 1.369e-02 | 8.567e-03 | 4.763e-03 | 2.537e-03 | 1.336e-03 | 6.903e-04 | 3.526e-04
0.67 0.85 0.91 0.93 0.95 0.97
le—38 1.3705e-2 | 8.5717e-3 | 4.7648e-3 | 2.5386e-3 | 1.337e-03 | 6.910e-04 | 3.532e-04
0.68 0.85 0.91 0.92 0.95 0.97
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Table: Maximum point-wise error&!' , and the rate of convergenck, .

€ Number of intervaldN
16 32 64 128 256 512 1024
le—4 | 1.548e-07 | 7.206e-08 | 3.427e-08 | 1.478e-08 | 6.936e-9 | 3.335e-09 | 1.482e-09
1.10 1.07 1.21 1.09 1.06 1.17
le—8 1.549e-11 | 7.220e-12 | 3.485e-12 | 1.713e-12 | 8.501e-13 | 4.231e-13 | 2.051e-13
1.10 1.05 1.02 1.01 1.00 1.05
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Table: Maximum point-wise error&!' , and the rate of convergenck, .

€ Number of interval$\
16 32 64 128 256 512 1024
le— 4 | 1548e-07| 7.206e-08 | 3.427e-08 | 1.478e-08 | 6.936e-9 | 3.335e-09 | 1.482e-09
1.10 1.07 121 1.09 1.06 1.17
le — 8 | 1549e-11| 7.220e-12 | 3.485e-12 | 1.713e-12 | 8.501e-13 | 4.231e-13| 2.05le-13
1.10 1.05 1.02 1.01 1.00 1.05
Table:Comparison of numerical results .
N c=1le—4 c=1e—6
Result in Amiraliyev(2006) Our result Result in Amiraliyev(2006) Our result
16 | EN | 3.550e-06 1.548e-07 6.000e-08 1.549e-09
N 1.01 1.10 1.00 1.10
32 [ B, 1.760e-06 7.206e-08 3.000e-08 7.220e-10
[N 1.01 1.07 1.00 1.05

&



Introduction Parameterized SPP on Adaptive grid Numerical Experiments Conclusion References
000000000000

Extension to the mixed kind BVP

(10)

{ U (X) + 2u(x) —exp(—u(x)) + A =0, xe 2 =(0,1),

u(0) +eu(0) =1, wu(l)=0.
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Extension to the mixed kind BVP

(10)
u(0) +eu(0) =1, wu(l)=0.

{ U (X) + 2u(x) —exp(—u(x)) + A =0, xe 2 =(0,1),

i
-©-Numerical Solution
4 —+—Exact Solution

u
Error

(TR ATIA AT GNT A [T SR R TR
X X
(a)Solution. (b) Error.

Figure: Solution and the error for = 1e — 2andN = 20.
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Maximum point-wise Error and rate of convergence

Table: Maximum point-wise error&!', and rate of convergena®', .
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Conclusion

€ Number of intervaldN
16 32 64 128 256 512 1024
le—4 | 2.059-02 | 1.132e-02 | 5.995e-03 | 3.153e-03 | 1.622e-03 | 8.313e-04 | 4.238e-04
0.86 0.92 0.93 0.95 0.96 0.97
le—8 | 2.059e-02 | 1.132e-02 | 5.997e-03 | 3.157e-03 | 1.625e-03 | 8.317e-04 | 4.243e-04
0.86 0.92 0.93 0.95 0.96 0.9703

References



Introduction
000000000000
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Table: Maximum point-wise error&!', and rate of convergena®', .

Parameterized SPP on Adaptive grid

Numerical Experiments

Conclusion

€ Number of interval$\
16 32 64 128 256 512 1024
le—4 | 2.059e-02 | 1.132e-02 | 5.995e-03 | 3.153e-03 | 1.622e-03 | 8.313e-04 | 4.238e-04
0.86 0.92 0.93 0.95 0.96 0.97
le—8 | 2.059e-02| 1.132e-02 | 5.997e-03 | 3.157e-03 | 1.625e-03 | 8.317e-04 | 4.243e-04
0.86 0.92 0.93 0.95 0.96 0.9703
Table:Comparison of numerical results .
N =64 N =128
Shishkin mesh Adaptivegrid Shishkin mesh Adaptivegrid
le—4 | BV, 9.858e-03 5.995e-03 5.956e-03 3.153e-03
™ 0.7271 0.9272 0.7763 0.9587
le—6 | EN, 9.858e-03 5.997e-03 5.956e-03 3.158e-03
e 0.7271 0.9249 0.7763 0.9610
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Conclusion

@ A uniformy convergent upwi nd schene is
anal yzed for singularly perturbed
paranet eri zed BVP exhi biting boundary
| ayers using adaptive grid.
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