
Abstract--- A quasilinear first order singularly perturbed 
boundary value problem depending on a parameter is 
considered. The problem is solved by a backward Euler 
fnitediference operator on an appropriate non-uniform mesh 
constructed adaptively by equidistributing a monitor function 
based on the solution. An error bound in the maximum norm is 
established theoretically whose error constants are shown to 
be independent of the singular perturbation parameter. The 
method is first-order convergent. Numerical experiment 
illustrates in practice the result of convergence proved 
theoretically. 
Keywords--- Singular perturbation, Parameterized problem, 
Boundary layer, Adaptive mesh, Uniform convergence. 

I. INTRODUCTION 

In this article, we consider the following singularly perturbed 
boundary value problem (SPBVP) depending on a parameter: 

൜
ሻݔሺݑܮ ؠ ሻݔᇱሺݑߝ  ݂ሺݔ, ,ݑ ሻߣ ൌ Ω ߳ ݔ    ,0 ൌ ሺ0, 1ሻ,

ሺ0ሻݑ ൌ ሺ1ሻݑ   ,ݏ ൌ ,ଵݏ
         (1.1) 

where 0 ൏ ߝ  is  known as the singular perturbation 1 ا
parameter and ݏ, ݏଵ   are given constants. Here the parameter ߣ 
is known as the control parameter. The function ݂ሺݔ, ,ݑ  ሻ isߣ
assumed to be sufficiently smooth. Throughout this paper, we 
assume that 

ە
ۖ
۔

ۖ
ۓ ݂ሺݔ, ,ݑ ,ሻߣ ,ଷሺሾ0ܥ߳ 1ሿ ൈ ܴଶሻ,

0 ൏ ߙ 
߲݂
ݑ߲  כߙ ൏ ∞    ሺݔ, ,ݑ ,ሻ߳ሾ0ߣ 1ሿ ൈ ܴଶ

0 ൏ ݉  ฬ
߲݂
ฬߣ߲  ܯ ൏ ∞    ሺݔ, ,ݑ ,ሻ߳ሾ0ߣ 1ሿ ൈ ܴଶ

ሺ1.2ሻ 

Under these assumption, the problem (1.1) has a unique 
solution. (refer [1, 7, 8]) and has a boundary layer of width 
ܱሺߝሻ near ݔ ൌ 0.  For more details on singular perturbation, 
one can refer thebooks ([3, 5]) and the references therein. 
These problems arises in physical chemistry and physics, 
describing distributions, the oscillation of a mass attached by 
two spring lead to a differentialequation with a parameter. 
Latter, real problems have been encountered at CERN 
(European Organization for Nuclear Research) and the main 
goal is the computation of the control parameterwith high 
precision. 
 
Parameterized boundary value problem have been considered 
for many years by many researcher. Amiraliyev et. al. [1] gave 
a uniform finite difference method on a Shishkin mesh [3]for 
(1.1) and proved that the method is first order convergent with 
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a logarithmic factor. A hybrid difference scheme which 
combines a standard central difference on the fine mesh with 
the mid pointupwind scheme on the coarse mesh was 
considered by Cen [2] and Xie et. al. [10] used boundarylayer 
correction technique to solve the parameterized problem of the 
form (1.1). 
 
In this article, we propose a combination of the classical 
upwind scheme on a specially constructed nonuniform mesh 
known as equidistributed grid [4, 6] and show that the method 
is uniformly convergent of order ܱሺܰିଵሻ. To validate the 
results, numerical experiment on a nonlinear test problem is 
carried out and the results are shown in shape of Tables and 
Figures. Throughout this paper C denote a generic positive 
constant. 

II. ANALYTICAL RESULTS 

Lemma 2.1 The solution {u(x), λ}  of (1.1)  satisfies the 
following the inequalitieݏ: 

|ߣ|  |ሻݔሺݑ|   ,ܥ  ܥ ቄ1  ିߝ ݔ݁ ቀെ
ݔߙ
ߝ ቁቅ , ഥ ߗ߳ݔ ,

݇ ൌ 0, 1 , 2, 3 . 

Proof. One can find the proof in [1, 2]     
 

III. DISCRETIZATION AND MESH 
 

A. Discrete problem 
We will consider difference approximations of (1.1) on a non-
uniform partition Ωே ൌ ሼ0 ൌ ݔ ൏ ଵݔ ൏ ڮ ேିଵݔ ൏ ேݔ ൌ 1ሽ,  
and denote ݄݆ ൌ ݔ  െ ;ିଵݔ   ݆ ൌ  1, 2, ڮ , ܰ. For a 

meshfunction ߶, we define ିܦ߶ ൌ
థೕିథೕషభ

ೕ
. Now, the 

backward Euler scheme for(1.1) takes theform, 

ቊܮே
ܷ ؠ ିܦߝ

ܷ  ݂൫ݔ, ܷ , ൯ߣ ൌ 0,   1  ݆  ܰ െ 1,
ܷ ൌ ,   ܷேݏ ൌ ଵ,                                                   ሺ3.1ሻݏ

 

 

B. Generation of mesh 
Since the solution u(x) of the BVP (1.1) exhibits boundary 
layer, one has to use layer-adapted nonuniform spatial grids, 
which are fine inside the boundary layer region and coarse in 
the outer region. To obtain such a grid, we use the idea of 
equidistribution of a positive monitor functiongiven depending 
upon the solution and its derivatives. A grid Ωே is said to be 
equidistributing if 

න ,ሻݏሺݑሺܯ ݏሻ݀ݏ ൌ
௫ೕ

௫ೕషభ

න ,ሻݏሺݑሺܯ ݆    ,ݏሻ݀ݏ ൌ 1ሺ1ሻܰ െ 1
௫ೕశభ

௫ೕ

,  
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 (3.2) 
where ܯሺݑሺݏሻ, ሻݏ  0 is called a monitor function. The 
adaptive grid generation is based on theidea of 
equidistribution. Here, we used arc length monitor function 
,ሻݏሺݑሺܯ ሻݏ ൌ ඥ1  ሺݑᇱሺݔሻሻଶ to construct a nonuniform mesh. 
The grid equidistribution gives arise to a mapping ݔሺߦሻ, 
relating the computational coordinate ߳ߦሾ0, 1ሿ to the physical 
coordinate ߳ݔሾ0, 1ሿ defined by 

න ,ሻݏሺݑሺܯ ݏሻ݀ݏ ൌ
௫ሺకሻ


ߦ න ,ሻݏሺݑሺܯ ݏሻ݀ݏ ൌ     ,݈ߦ

ଵ


 

where݈ is the length of u over ሺ0, ݈ሻ. So 
ௗ௫
ௗక

ൌ 
ඥଵାሺ௨ᇲሺ௫ሻሻమ                        (3.3) 

The evenly space grid for ߦ will be given by, ߦ ൌ 
ே

, ݆ ൌ
0ሺ1ሻܰ. 
 
More precisely, ݔ ൌ  

ඥଵାሺ௨ᇲሺ௦ሻሻమ కೕݏ݀
  and the mesh size is 

given by ݄ ൌ ݔ െ ିଵݔ ൌ  
ඥଵାሺ௨ᇲሺ௦ሻሻమ కೕ,ݏ݀

కೕషభ
 from (3.3) we 

have(1  ሺݑᇱሺݔሻሻଶሻሺ݀ݔሻଶ ൌ ሺ݈݀ߦሻଶ which results  

1  ቆ ܷାଵ െ ܷ

ାଵݔ െ ݔ
ቇ

ଶ

൩ ሺݔାଵ െ ሻଶݔ ൌ ൬
݈
ܰ൰

ଶ

,     ݆ ൌ 0ሺ1ሻܰ െ 1. 

                                                                                            (3.4) 
Now we can construct the mesh as the solution of following 
system of equations: 

ቐ
൫ݔାଵ െ ൯ଶݔ  ൫ ܷାଵ െ ܷ൯ଶ ൌ ൫ݔ െ ିଵ൯ଶݔ  ൫ ܷ െ ܷିଵ൯ଶ,

                                                                               ݆ ൌ 1ሺ1ሻܰ െ 1
ݔ ൌ ேݔ      ,0 ൌ 1.                                                                 ሺ3.5ሻ

 

The solution of (3.1) and (3.5) produces the numerical 
approximation to the solution of (1.1). 
  We solve the nonlinear problem (3.1) using the following 
iteration technique: 

ߣ ൌ ିଵߣ െ
ሺݏଵ െ ேିଵݑ

ିଵ ሻߩே
ିଵ  ݂ሺ1, ,ଵݏ ିଵሻߣ

߲݂
ൗߣ߲ ሺ1, ,ଵݏ ିଵሻߣ

, 

ݑ ൌ ݑ
ିଵ െ

ሺݑ
ିଵ െ ିଵݑ

 ሻߩ
ିଵ  ݂ሺݔ, ݑ

ିଵ, ሻߣ
߲݂

ൗݑ߲ ሺݔ, ݑ
ିଵ, ሻߣ  ߩ

ିଵ
 

where ߩ ൌ ݄ ⁄ߝ   and ߣ, ݑ
 are the initial iterations given. 

 
IV. MAIN RESULT 

Theorem 4.1Let ሼݑሺݔሻ, ሽ and ൛ߣ ܷ
ே,   ߣேൟ be the exact 

solution and discrete solution on grids defined in (3.5) 
respectively. Then, there exists a constant ܥ independent of ܰ 
and ߝ such that  

ถݔܽ݉


หݑ൫ݔ൯ െ ܷ
ேห ൏ ߣ|    ,ଵିܰܥ െ |ேߣ ൏  ଵ.        ሺ4.1ሻିܰܥ

Proof. The detailed proof is given in [9]. 
 
 

V. NUMERICAL EXAPERIMENT AND DISCUSSION 
 

To show the applicability and efficiency of the present 
method, it has been implemented to the following test 
problem. 
Example 5.1 Consider the following nonlinear singularly 
perturbed problem 

ቐ
ሻݔᇱሺݑߝ  ݑ2 െ expሺെݑሻ  ଶݔ  ߣ  tanhሺߣ  ሻݔ ൌ 0,    

Ω߳ݔ     ൌ ሺ0,1ሻ,                                                                                 
ሺ0ሻݑ ൌ ሺ1ሻݑ   ,1 ൌ 0.                                                          ሺ5.1ሻ

 

 
The exact solution is not available for the BVP (5.1). In order 
to calculate the maximum pointwise error ܧఌ,௨

ே  and the rate of 
convergence ݎఌ,௨

ே , we use interpolation. Define ഥܷ
ଶே piecewise 

linear interpolation to ܷ
ே in Ωே. We use the double mesh 

principle to estimate the errors and to compute the experiment 
rates of convergence. For any value of N, define ܧఌ,௨

ே ൌ
ถݔܽ݉


ห ܷ

ே െ ഥܷ
ଶேห as the maximum pointwise error with 

respect to the variable u. Similarly for the parameter ߣ,  the 
maximum pointwise error is definned as ܧఌ,ఒ

ே ൌ ถݔܽ݉


หߣே െ

 ҧଶே|. The corresponding rate of convergenceare calculated byߣ

ఌ,௨ݎ
ே ൌ ଶ݈݃ ൬ ாഄ,ೠ

ಿ

 ாഄ,ೠ
మಿ൰,    ݎఌ,ఒ

ே ൌ ଶ݈݃ ൬
 ாഄ,ഊ

ಿ

 ாഄ,ഊ
మಿ൰. 

Figure 1(a) displays the movement of the adaptive mesh 
through equidistribution principle which moves towards left 
and Figure 1(b) represents the corresponding computed mesh. 
Clearly, a nonuniform mesh is generated adaptively. Figure 
2(a) represents the numerical solution and the exact solution of 
Example(5.1) ߝ ൌ 1݁ െ 2, and ܰ ൌ  20 and Figure 2(b) 
represents the corresponding error. The maximumpointwise 
error and the rate of convergence related to solution u and 
related to the parameter ߣ ispresented in Table 1 and in Table 
2 respectively. The numerical results are clear illustrations of 
the convergence estimate. In Table 3, we have compared our 
result with the numerical result obtained by  [1], which 
indicates the sharpness and more accuracy of our proposed 
method. 
In this paper, a novel approach for solving parameterized 
SPBVP has been discussed. The key to the success to this 
method is that without any prior knowledge an appropriate 
nonuniform mesh is generated. Further more, numerical 
experiment indicated that the present method enjoys higher 
accuracy than those developed by other authors. 
 
 
Table 1: Maximum point-wise errors ܧఌ,௨

ே  and the 
corresponding rate of convergence ݎఌ,௨

ே  
 

N ߝ ൌ 1݁ െ 4 ߝ ൌ 1݁ െ 8
16 1.3692e-2 

0.67 
1.3705e-2 

0.68 
32 8.5672e-3 

0.85 
8.5717e-3 

0.85 
64 4.7630e-3 

0.91 
4.7648e-3 

0.91 
128 2.5373e-3 

0.93 
2.5386e-3 

0.92 
256 1.3363e-3 

0.95 
1.3374e-3 

0.95 
512 6.9033e-4 

0.97 
6.9101e-4 

0.97 
1024 3.5261e-4 3.5325e-4 

 



 
Table 2: Maximum point-wise errors ܧఌ,ఒ

ே  and the 
corresponding rate of convergence ݎఌ,ఒ

ே  
 
 

N ߝ ൌ 1݁ െ ߝ 4 ൌ 1݁ െ 8
16 1.5487e-07 

1.10 
1.5492e-11 

1.10 
32 7.2069e-08 

1.07 
7.2205e-12 

1.05 
64 3.4274e-08 

1.21 
3.4854e-12 

1.02 
128 1.4782e-08 

1.09 
1.7130e-12 

1.01 
256 6.9363e-9 

1.06 
8.5010e-13 

1.00 

512 3.3358e-09 
1.17 

4.2316e-13 
1.05 

1024 1.4826e-09 2.0512e-13 
 

Table 3: Comparison of numerical results with the result given 
in [1] for Example 5.1. 
 
N ߝ ൌ 1݁ െ 4 ߝ ൌ 1݁ െ 6
  Result given 

in[1] 
Our result Result given 

in[1] 
Our result 

ఌ,ఒܧ 16
ே  

 
ఌ,ఒݎ

ே  

3.5500e-06 
 
1.01 

1.5487e-07 
 
1.10 

6.0000e-08 
 
1.00 

1.5492e-09 
 
1.10 

ఌ,ఒܧ 32
ே  

 
ఌ,ఒݎ

ே  

1.7600e-06 
 
1.01 

7.2069e-08 
 
1.07 

3.0000e-08 
 
1.00 

7.2206e-10 
 
1.05 

 

 
 

                                         (a) Mesh movement                                                             (b) Final computed mesh 
 

Figure 1: Mesh movement of  Example 5.1 for ߝ ൌ 1݁ െ 2, and ܰ ൌ  40. 

 
 

 
 

                                         (a)  Solutions                                                                           (b) Error 
 
                                         Figure 2: Numerical solution the error of  Example 5.1 for ߝ ൌ 1݁ െ 2, and ܰ ൌ  20.                      
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