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A generalized version of the existence theorem for a generalized nonlinear com-
plementarity problem is established.

1. INTRODUCTION

Let R denote the set of real numbers and R" the n-dimensional Euclidean space
with the ustal norm and inner-product. Let K be a closed convex cone in R" with
0 €K and K* be the polar cone of K. The following existence theorem on a
generalized nonlinear complementarity problem is proved by Mishra and Nanda?.

Theorem 1.1 — Llet T : K — R" be a continuous map and g : K —R" be a
continuous map such that

x€EK, (gx),x)s0 = x=0.
If G(x) = T(x) — T(0) satisfies
(G(x), x) = c(2) (g(x), %)

for some mapping ¢ : R*— R with o(f) —~+® as t —>+x, then there exists
xo, € R" such- that

x €K, Tixg)) EK*, (Txg, %) = 0. (1)

The purpose of this note is to obtain a generalization of Theorem 1.1.

2. MAIN RESULT

We generalize Theorem 1.1 as follows.

Theorem 2.1 — Let K be a closed convex cone in R" with 0EK. Let T : K
—R" g:K =R and 8:KxK—>R" be continuous maps such that
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(@) @y, 6(y, y)) = 0 for all yEK,
(i) for each fixed y €K, the function
(Ty7 e(_’ ,Y)) : K —’R is Oonvcx,

(iii) x€K, (gx),08(,x))s0 = x = 0 for all yEK. - (2
If G(x) = T(x) — T(0) satisfies
G@), x) = (1) (g(x), x) )]

for some mapping ¢ : R*—R with ¢(f) =+ as t->+ o, then there exists
X, €ER® such that

% EK, TxyEK*, (Txy, 8(y, xp)) = 0. - (4)

Remark 2.2 : If &y, xp) =y—x and y = 2x,, then (4) reduces to (1).

3. AUXILIARY RESULTS

We need the following result to prove Theorem 2.1.

Theorem 3.1 — Lgt T : K —R" and 6:K x K — R" be continuous maps and
for each fixed y €K the function (Ty, 6(~, y)) : K — R be convex. If (4) has no
solution, then there exists a sequence {a;} of positive real numbers and a convergent

sequence {u;} CK such that
() Imu;=u, u=0, uck

Gi) (Ma;w), 6(y, u;)) <0 for all i.
The following result will be used in proving Theorem 3.1.

Theorem 3.2 — (Behera and Panda!, Theorem 2.2) — Let K be a compact
convex set in a reflexive real Banach space X, with 0 €K, and let X* denote the

dual of X. Let T : K —=X* and 6:Kx K-~ X be two continuous maps such that

@) (Iy, 8@y, y)) = 0 for all yEK,
(i) for each fixed y €E K, the function

(Iy, 6(—, »)) : K — R is convex.
Then there exists x, € K such that

Ty, (y,xg) = 0
for all yEK.

4. PROOFS OF THEOREM 3.1 AND 2.1

Proof of Theorem 3.1 — The sets
K, = {yEK:(y,2)<sa for all zEK}
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are nonempty, compact and convex for 0 < a < ». Hence it follows from Theorem
3.2 that there exists x, €K, with

(Txaa 9()’, xa)) 20

for all yEK,. Since 0 €K, the Slater condition for the feasible domain K, (cf.

Sposito and David*) is satisfied and applying the duality theory of linear programming
over convex cone domain® we get a scalar 5, ER such that

Ix,+s,z€EK*, x, €K, .. (8)
(Tx,+ 5,2z, 8(y,x,;)) =0, ... (6)
(a - (Z’ 9(}’, xa))) Sg= 0’ (7)

(z,0(y,x.)=<a, s,20.

Now if s, = 0 for some a, then it is clear from (5) and (6) that x, is a solution
to (4). Therefore, we conclude that if (4) has no solution then s, > 0 for all a,
0<a<». Now by (7), (z, 8(y,x,)) = a for all a. Let

B(y, xa)

¢ a

and thus u, EK and (z,u,) = 1. Since the points u,, 0 < a <., lie in the compact
set

C={x€EK:(z,x)=1}
there is a sequence {a;} such that {u;} = {u,} converges to a vector u €K satisfying
(z, u) = 1. From (5) and (6), we get

0 < 5=~ (T, 60,x)

Tx, +5,2€K* for all a € {a;}.

Now substituting x, = au, in the above relations, we obtain (ii). This completes the
proof of Theorem 3.1.

Proof of Theorem 2.1 — Suppose that (4) has no solution. Then by Theorem
3.1, we get a sequence {a;} of positive real numbers and a convergent sequence

{#;} CK such that

im u;=u,u»0, uck

(Ta;, w)), 8(y, u)) <0 for all i.
Now by (3) we obtain
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0 > (Taw), 60, )
= (Glag) + T0O), 60, )
= (Glaw), 80, u) + (T00), 60, u)
> c(ay) (g(w), O, ) + (T0), 80y, )
for all i. It now follows that
(e(), 8(y, )< 0 for 0= uEK.

Thus we get a contradiction to assumption (2). Hence we cdnclude that (4) has a
solution and this completes the proof of Theorem 2.1.
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