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Nomenclature

A,B,G H P O, r intermediate variables defined in

text
A, cross sectional area of the wall
Aw log mean heat transfer area of the
wall

heat capacity flow rate, mc,,

k thermal conductivity

l length of the heat exchanger

t thickness of separating wall

x nondimensional length; 0 <x < 1

Greek symbols

ﬁl Ntu of side 1 = hlAl/Cl
62 Ntu Ofside 2 = thz/C2
B Effective Ny, due to finite wall

conductance = kA /tCy

B8* intermediate variable
= By +82/v+4 8

¥ intermediate variables defined in
text

€ heat exchanger effectiveness

A axial conduction parameter
= kA fIC,

v Cl / Cz

0 ' nondimensional temperature

=T- Ty,mlT in ~Tan

Subscripts

1 fluid with smaller heat capacity
flow rate, mc,

2 fluid with larger heat capacity
flow rate, mc,

c wall

e exit

opt optimum

The performance deterioration in counterflow heat
exchangers due to axial conduction has been investigated by
several authors.!™ Based on the original formulation by
Landau and Hlinka,' Kroeger® has computed the overall
inefficiency of heat exchangers for a wide range of flow
parameters. But in none of these papers has the resistance
of the separating wall to lateral heat transfer been explicitly
considered. Any attempt to reduce axial conduction by
using material of low thermal conductivity for the separating
wall results in increased resistance to lateral heat flow,
thereby reducing the overall thermal efficiency of the heat
exchanger.

Since a wide range of materials ranging from copper
and aluminium to plastics® are being used in heat exchanger
design, it is time to analyse the heat transfer process
including both axial conduction and lateral resistance by

the separating wall. Chowdhury and Sarangi®® have recently
derived an expression for the optimum thermal conductivity
of the separating wall in a concentric tube heat exchanger
on the basis of minimum-entropy-generation principle:

K fuig = 2 [1 + Ctube] (1)

kwall PE— Cshe]l

where Pe is the Peclet Number of the fluid in the (inner)
tube and C the heat capacity rate of the fluid (mass flow
rate x specific heat). The second law analysis, while predic-
ting the optimum thermal conductivity of the wall, is
unable to help in computing the thermal efficiency for a
given set of flow parameters. In this paper, we derive an
expression for the efficiency of heat exchangers considering
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Fig. 1 Longitudinal section of the wall and a schematic tempera-
ture profile

both axial conduction and lateral resistance due to the
separating wall in terms of relevant nondimensional
parameters.

Theory

The following assumptions are usually valid for con-
centric tube counterflow heat exchangers used in cryogenic
systems: The wall thickness is small compared to tube
diameter. (Wall thickness is determined by the pressure
difference between the two sides); both ends of the heat
exchanger are adiabatic; and there is no heat leak from the
surroundings. A longitudinal section of a portion of the
heat-exchanger wall is shown in Fig. 1, explaining the non-
dimensional temperatures (8) and the heat flow rates (¢) at
different locations.

The energy conservation equations for the two fluid
streams and the axial heat transfer equation may be
expressed in dimensionless form as:

(ad— + 51) 6y =640 =0 2

(d—j‘c— - ﬁz) 02 +6:0c2 = 0 @

_de, .1 do, _
&ty e T @)

with boundary conditions:

dé
x=0:01=1andax—°=0 )

de
x=1:62=0and7&9=0 ©6)

The solution of (2) — (6) gives the temperature
profiles in the two fluid streams and the wall. The overall
inefficiency (1 — €) is then given by the expression

H -G H,-G H, -G
T e on) TL e () 2 exp (1)
exp (-r1) exp (-r2) exp(-rs)

1 1 1

Hiexp(-r1)~G, Hyexp(-r))-G, H;exp(-r;)—G,
ry [ r3

exp(=ry) exp (=r;) exp (—73)

1 1 1

where rj, G and Hj are functions of the parameters §,, §,,
B3, v and A. The solution procedure and definition of 7;,
G and Hj are given in Appendix 1.

For the special case of balanced flow (v = 1) con-
dition, some of the terms in (7) become indeterminate. An
alternative derivation is given in Appendix 2 resulting in the
expression:

l 3
1—€ = Boc +Bic (I—E - —273?) + ZGJ’BJC exp (—7j)

8)
Conclusion

For tube-in-tube and shell-and-tube heat exchangers € may
be expressed in terms of A and a geometrical parameter //t
as 8. = A(//¢)?. Then the efficiency €, and hence the effec-
tive Vy, are functions of five parameters 8, , 85, /¢, A and v.
Fig. 2 (a~-c) show the dependence of Ny, (effective) on A,
l/t, 8, and v for the case of balanced design (8; =§8,).
Kroeger® has shown that variation of 8, /8, has a negligible
effect on the overall inefficiency of the heat exchanger. The
optimum value of A and hence of Ky agree exactly with
(1). The symmetry of the Ny, e vs In A curve suggests that
a material should be chosen for the wall to keep the ratio
Kwanfkopt (Of Kopt/kwan, Whichever is greater than unity)
the lowest. The computed results also confirm that
Kroeger’s® results can be used to predict efficiency if the
lateral resistance of the wall is incorporated into the total
Ny In most practical cases the difference between Kroeger’s
results and exact calculation is negligible.
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Appendix 1

Since axial conduction is small compared to the total
lateral heat flow, the following may be assumed.

Bc = (ecl +0c2)/2
and (A1)

4 = (1 +42)/2

or

B 01 0a) + 2 (0, - 0,)

= 28 (0 —0c2) (A2)
Solving (A1) and (A2)
fa = 1101 — 1202 + Ye2fc
and (A3)
Oz = =7101 + 7202 + Y10
where,
Y1 = By /B*
Y2 = Ba/vB*

Yo = (284 +46:)/B*
Yz = (282 +4vB.)/vp*
B* = By +B2fv+4p,

The governing equations (2) — (4), then transform to:

d
(37 + By _3171)91 + B17202 —B17c20c = 0 (A4)

d
(a}‘ = B2 +5272)92 =B27101 +B2Yc10c = 0 (AS)

~ 90y, 40y, L6

dx dx dx?

=0 (A6)

Following Kroeger,? the solution may be sought in
the form:



3
Ok = Aok + Z A exp(—rx); k = 1,2andc
=1
(A7)

where 7; is the non-zero roots of the characteristic equation:

—r+8;(1-71) Bim2 ~B1Ye2
—B211 —r=B(1-72) B27a1 =0
r —r Ar? (A8)

On substituting (A7) into the modified governing
equations (A4) — (A6) and equating co-efficients of

exp (~ryx),

Agr = Aoz = Aoc
Aj = GjAjc;f =1,2,3 (A9)
and
Ajz = Hidi;j = 1,2,3
where,
G = 481828 + 281 (B2 /v + 2D
i
4B1B28c + 1(1fv—1)8182 +4Bc(B1 —B2) 11 “5*’12
and
H = 481828c —28,(8, +28.)r;
j

48,828c + 1(1/v— 1)B1B2 +4Bc(8; —B2) 1 rj —B*1}

(A10)

The constants 4. may be determined by substituting (A9)
into the boundary conditions (5) and (6).

1 H
Ao = p 713 exp (=71) [exp (—72) —exp (=73)]
Q

(Al1)
and

11

Are =~ p ;: [exp (—r2) —exp (=73)] (A12)

where g represents a cyclic sum over the subscripts 1, 2 and

3 and 4, and 4 5. obtained by a cyclic permutation of suf-
fixes in (A12).1In (Al1) and (A12),

p=S AERENIOL foxp () —exp (1))
3 1
(A13)
Inefficiency of the heat exchanger,

1-€e =05 = [01)x=1

3
Z Ajy exp (—rj)
7=

= Ay +

it

AOC + GjAjc exp (— rj)
J=1

1 G
= Aog = > 7 exp(-r1) [exp (-ra)~exp (1)

Using (Al1),

ol

1 H -G
1—¢ = Z lrl L exp (—ry) [exp (—72) —exp (- r3)
Q

(A14)

Equation (A14) may be expressed in the form of deter-
minants to yield (7).

Appendix 2

In the case of balanced flow (v = 1), two of the roots
of the characteristic equation (A8) are zero and the solution
will be of the form:

3
6k = Box +Bixx + Z By exp (—rx);k = 1,2andc
i=

(ALS)

The arbitrary constants By, (=0, 1, 2, 3) may be determined
by substituting (A15) into governing equations (A4) — (A6)
and boundary conditions (5) and (6).

B
o = 30 = 1+ 35
Boz = By, +% (1 +§ﬁ—ﬁ2:)

rary [exp (—ry) —exp (=r3)] —Hyry exp (—r2)

[1 —exp (—r3) + Hyry exp (=r3) [1 —exp (=72)]



Bie = g | rars [exp Cra)=exp (1))
Bae =3 [1=exp -73)]
B = - g l1-exp (-2)]
where,
Q=—(1 +_1_+_1.+1)r2r3

Bi B B

[exp (=72) ~exp (~73)]

(A16) + (G, —Hy exp (=13)] r3 [1-exp (-73)]

= [G3 ~Hj exp (=r3)] r2 [1-exp (=72)]

Inefficiency of the heat exchanger:

1-€e=1[0;]x=
3

Z By, exp (1))

J=2

1 1
= Boc + By (1 -3—1 -—2—‘?)
c
3
e 3 Gemin

J=2

(A17)

(A18)





