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Infinitesimal transformations

Infinitesimal transformations: =~ Consider a one-parameter Lie
group of transformations x* = X(x; €) with identity e = 0 and law
of composition ¢. If we expand x* = X(X; €) about e = 0 we get

X" =X+ o(Z)co + 5(2% e +

X* =X + €(55)e=0 + O(€?)

= X + e¢(x)

where £(x) = (8_)6()620' This is called infinitesimal
transformation of x* = X(x; ¢) and the components of £(x) are

called infinitesimals of x* = X(X; ¢).
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Infinitesimal generator

Infinitesimal generator:  The infinitesimal generator of the
one-parameter Lie group of transformations x* = X(x; ¢) is the

operator
| 0
X =X(x)=¢&(x).V = ;5'(X)8_><i
where
PRI R
N OXq ’ OXo ’ 6X37 OXn
For any differentiable function F (x) = F (X1, X2, X3, -+ - -+ Xn)
R0 = 00 ¥ = 200 5
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Problem analysis

We consider the system of equations which governs the one
dimensional modified shallow water equations as follows [?]

ht +th +uhx = 0,
g(h+H)

U+ = hy +uux =0, 1)

where X, t are the independent variables denoting the space
and time respectively and

u = x-component of fluid velocity,

h = variable depth

g = acceleration due to gravity, H = ky/g.
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Problem analysis

Firstly, we consider Lie group of transformations with
independent variables x,t and dependent variables u, h for the
problem

X = X(x,t,h,u;e),
t = t(x,t,h,u;e), (2)
ua = U(x,t,h,u;e),
h = hx,t,h,u;e).

T. Raja Sekhar, NIT, Rourkela Self similar solutions in shallow water equations



Power-series method
Compatible condition
Usage of similarity variables

Problem analysis

where ¢ is the group parameter. The infinitesimal generator of
the group (2) can be expressed in the following vector form

0 0 0
V = X _ 7 t u- h ¥
Sox T a T aut an
in which &%, &, n¥, n are infinitesimal functions of the group
variables.Then the corresponding one-parameter Lie group of
transformations is given by
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X = x+eX(x,t,h,u)+O(e?),
t = t+e(x,t,hu)+0(e?),
0 = u+ep'(x,t,h,u) +0(),
h = h+e"(x,t,h,u) +O(?).

Since the system of one-layer shallow-water equations has at
most first-order derivatives, the first prolongation of the
generator should be considered in the form:
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h 0 nd

T o T N o, T oh (3)

, )
mv_v+qax
where
=+ iU+l he — Uy (& + Eiue + EEhy) — ug (& 4 &L ue + & hy)
¢ = 1 1 Ux 15 iy — U (6 € Ux +Eiv i) — Ue (& +Ef ux +E hx)
= i nfiug+ nphe — b (€ + E8ue+ &Ehy) — he(& + &L ug + & he)
I :77>T+77L1Ux+77ﬁhx*hX(f§(+fﬁUx+fﬁhX)*ht(f§<+fhux+fﬁhx)-
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if we apply the first prolongation of the infinitesimal generator
(3) to the system of partial differential equations (1)

Pr'V (he + huy + Uhy)n——uh, —hu, = O,

:—uuxfig(hh*H)hx =0.

then we obtained the following system of equations
u h h h u __
n hy +n'ux + 7 +un, +hr =0,
H
7?12 nh +nYuy + gTQ + 7 +urd =0.

which gives us the following determining equations
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Power-series method

Firstly, we choose the first order of power-series of the
infinitesimals which are given by

& = ag+ax +ast+azh+asu
& = Dby + byx + byt + bsh +byu
n' = Co+ C1X + Cot +c3h +cyu
" = dg+diX + dyt + dsh + dau

where a;, b, ¢i, a;, (i =0, 1,2, 3,4) are constant coefficients.
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Then substituting these power-series forms into the determining
eqguations and straightforward calculations for the first order of
power-series forms, we find three-parameter Lie group of
transformations of one-layer shallow-water equations as follows

& = agt+aa,

& = aix +aot +as,
Y= ay,

nh = 0.
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These transformations provide the following three Lie point
generators:

0 0
Xio= oy +Xae
0 0
X2 = e o
0
Xe = —.
3 OX

For a; # 0,b, # 0 and by # 0 respectively.
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Consider the infinitesimal generators V,, Vg defined by

Va = a1 X1+ axXo + azXs
= ot + (X + apt + )2 + 2
T Qg TR At as g T a2h
and
VB = [1X1+ B2X5 + £3X3
0 0 8
= [t i (51X+ﬂ2t+ﬁ3) +ﬁ2
ap, B € R.
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Compatible Condition

For the compatible condition we consider the following relation

[Va,Vs] = VAV — VgVa =0

which yields

azfy — a3 = 0.
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Uses of similarity variables

Since the system is invariant under the group generated by Vp,
we introduce a set of canonical variables defined by,

VAT = 1, VAE =0, VaU =0, VAP =0,
allowing one to express V, as a translation with respect to 7,

the characteristic conditions are

dt dx du d7
a_ _du_df @
aqt (Oé]_X + at + 043) Qo 1
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where a1, ay, and az are non-zero constants. Hence equation
(4) yield the following transformation of variables

_ 1
7 = —Int,
(6%}
(041X+043)
£ = tle ot 7
— o
U = et
P = h
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Now we can express Vg using the new variables as

_ 0 0 - 0
Vg = Vg7 V VpU— + VpP—
B O + Bf o + Vs 8U + VB 95’
B1 0  o1fe —axfz a1 — 06251 -
wmor T o 505 LE— au'

In a similar manner, we choose a second set of canonical
variables allowing Vg to be written as translation with respect to

& e,
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Vg7 =0, Vgé =1, VgU =0, VgP =0. (5)

the characteristic conditions associated with (5) yield the
following transformation of variables

Oéld’7_' _ Oé]_déT _ OéldL_J df

B (B — b)) (aufe—axf)U 17

the characteristic conditions yield the following transformation
of variables
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K+1
a3 BiK (x + 2)
T = Int a1 - 1 (6)
t b
alK X—i—%
£ = Int_042K —l—%, (7)
(x +52)
u = Inu+f, (8)

h = P, ©)

_ 1
where K = (1Br—azf1)"
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Using the above transformation in the governing system (1), we

get the following system of PDEs

(%Kl“ ~ K In U)Z—E + (1K InU — azK)g—z
LT T
(%ﬂlKMU)g—B%»(OQKMUQZK)%—g
—ﬂlKg(PP+H)UZ—E+—O‘1Kg(§+H)U§—Z+U|nu ~0.

(10)
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By considering U = 1, the above system of PDEs can be
reduced as follows

oP oP
- ﬁlg + Mge = 0,
oP [, 0P
- 2= — 0 11
85 (0%} or 0 ( )
Equation (11) can be solved as
P(¢,7) =Pi(n) (12)
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wheren =71+ %5. Using (12) in the equation (10), we obtained

& + 061P1 =0 (13)
dn

equation (13) can be solved

P, = Ce 17 (14)
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where C is an arbitrary constant and thus, in view of the
equations (6), (12) and (14) the solution of the system (1) can
be expressed as follows

h== =2 15
O u n (15)
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Thank You.
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