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Abstract

Flow maldistribution in heat exchangers for steady-state and transient processes can be described by dispersion
models. The traditional parabolic model and the proposed hyperbolic model which includes the parabolic model as a
special case can be used for dispersive flux formulation. Instead of using the heuristic approach of parabolic or hy-
perbolic formulation, these models can be quantitatively derived from the axial temperature profiles of heat exchangers.
In this paper both the models are derived for a shell-and-tube heat exchanger with pure maldistribution (without back
mixing) in tube side flow and the plug flow on the shell side. The Mach number and the boundary condition which plays
a key role in the hyperbolic dispersion have been derived and compared with previous investigation. It is observed that
the hyperbolic model is the best suited one as it compares well with the actual calculations. This establishes the hy-

perbolic model and its boundary conditions.
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1. Introduction

Theoretical analysis of heat exchangers has received
considerable attention during the last decade. On one
side the steady-state analyses have stressed the need for
theoretical and experimental evaluation of heat ex-
changer performance during normal operation. On the
other hand the transient studies have brought out the
response feature due to off-normal behaviour which are
of immense importance for impacting proper control
strategy. Even though the advent of high speed com-
puting system has made the complete numerical simu-
lation of heat exchangers possible, still the need for
understanding the mechanism of transport phenomenon
remains equally important. Understanding of transport
phenomenon will reveal the experimental procedure to
be applicable for design and control of heat exchangers.
A significant breakthrough in this direction has been
achieved using the concept of apparent axial dispersion

phenomenon in mass transfer by Taylor [1,2] and
Danckwerts [3]. From heat and mass transfer analogy it
is established [4,5] that the same concept can be used for
heat transfer as well. The main attraction of axial dis-
persion model is its power to effectively amend the pre-
diction of plug flow model while still retaining the latter’s
simplicity of unidirectional characteristics. Due to this
simplicity, the axial dispersion model has generated a
greater interest of applicability in a wide variety of dis-
persion problems in association with chemical reactor,
heat exchangers and various separation processes [6].

Most convective heat and mass dispersion phenom-
ena strongly resemble molecular diffusion, only that they
have absolutely different times, velocities and space
scales. The relationship of these scales to other process
scales may be completely different than for molecular
diffusion. Therefore the application of Fourier’s law to
describe convective dispersion phenomenon often is not
justified and leads to erroneous results.

In their pioneering works, Taylor [1,2] and Danck-
werts [3] introduced axial dispersion model based on
Fourier’s law to describe flow maldistribution or back
mixing in flow systems. This leads to the boundary
conditions of Danckwerts [3] for parabolic dispersion
model. Fourier’s law implies an infinite propagation
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Nomenclature
A heat transfer area, m?
a* axial dispersion coefficient, m?/s

By,B, breadth of the flow channels, Fig. 4, m

j counter of channels

k overall heat transfer coefficient, W m*/K

L nominal length of heat exchanger, m

M third sound Mach number (or weighted
parameter), dimensionless

N number of tubes

NTU number of transfer units, NTU = kA4/ W,

dimensionless

Pe dispersive Peclet number, Pe = wL/a*,
dimensionless

gt dispersive flux, W/m?

T temperature, K

AT temperature difference, K

AT, cross-sectional mean temperature difference,
K

ATy adiabatic mean temperature difference, K

S total set of tubes (j = 1,N)

St subset of S with forward flow

S subset of S with backward flow

/4 thermal flow rate, W/K

w flow velocity, m/s
w mean flow velocity, m/s
X space coordinate, m

Greek symbols

A dispersive conductivity, W/m K

0 dimensionless temperature, 0 = (T — T3)/
(1] - 1)

10) dimensionless dispersive flux, ¢ = ¢*/
#(T] - 1) /1]

£ dimensionless spatial variable, ¢ = x/L

Subscripts

1 fluid 1

2 fluid 2

back backward flow in tubes

f adiabatic mean

forward forward flow in tubes
hyp hyperbolic

m cross-sectional mean

par parabolic

Superscripts

! inlet

+ at the boundary with higher value of ¢

— at the boundary with lower value of ¢

velocity of disturbances, which is a good approximation
for normal heat conduction. However, maldistribution
effects will propagate with a finite velocity which has the
order of mean flow velocity. The parabolic model for the
description of axial dispersion is questionable, since time
and velocity scales of the axial dispersion process are
essentially different from those for ordinary molecular
diffusion; they are comparable to the characteristic time
such as residence time. To take finite propagation
velocities into account the law of Fourier has to be re-
placed by the heat conduction law of Chester [7]. This
leads to the hyperbolic heat conduction equation,
known as hyperbolic dispersion model. This new dis-
persion model is more general and can be reduced to
parabolic model as a special case. Additionally, hyper-
bolic model has the ability to distinguish between real
axial mixing, diffusion or conduction on the one hand
and other types of maldistribution on the other hand.
An extension of the axial dispersion model was first
proposed by Roetzel and Spang [8,9] by incorporating
Chester’s constitutive equations for fluid flow. In their
model, a parameter of finite propagation velocity appears
which they named as the “third sound wave” where the
“second sound wave” is the molecular conduction wave
[10,11]. Shortly after Roetzel and Spang, and indepen-
dent of them, Westerterp et al. [12,13] proposed and
analysed a similar model for longitudinal mass dispersion

in chemical reactors following Taylor’s approach [1]. As
compared with Chester’s equation, the latter model for
constitutive mass dispersion equation additionally con-
tains the derivation of source term with respect to con-
centration driving potential for chemical reaction and a
parameter for velocity asymmetry. This wave model was
subsequently applied to tubular reactors [14,15]. The
hyperbolic dispersion model [8,9] based on Chester’s
equation has been successfully applied to heat exchangers
[16]. Further, Roetzel et al. [17] validated the hyperbolic
heat flux equations with different examples and also
proposed boundary conditions for subsonic, sonic and
supersonic flow regimes by defining the Mach number as
the ratio of fluid velocity to thermal wave velocity.
However, these boundary conditions have been modified
and generalised by Sahoo and Roetzel [18] based on an
elegant analytical approach. In a recent work by Roetzel
and Na Ranong [19] it is shown for the first time that in a
shell-and-tube heat exchanger with pure tube side mal-
distribution (without axial mixing) the longitudinal mean
temperature profiles can accurately be described with the
hyperbolic dispersion model. The derivations given in
[19] are further refined in the present work.

Most of the experimental and theoretical investiga-
tions of hyperbolic axial dispersion in heat exchangers
that have been published are based on the heuristic ap-
proach of using Chester’s equation and verifying the
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Fig. 1. Schematic of shell-and-tube heat exchanger with tube
channels (j=1,...,8).

result by numerical calculation. Earlier investigators
have not paid much attention to uncovering the under-
lying phenomena through a detailed mathematical
treatment which will lead to hyperbolic dispersion model
and its boundary conditions from the constitutive
equations of heat exchanger.

In the present analysis, as in [19], a simple shell-and-
tube heat exchanger is considered where maldistribution
is present only in the tube side flow as shown in Fig. 1.
From the behaviour of the mean temperature profiles,
the parabolic and hyperbolic dispersion models are de-
rived by using Taylor’s expansion. The parameters and
boundary conditions are derived from the constitutive
equations of the heat exchanger. It has been observed
that these boundary conditions are equal to the
boundary conditions [18] that have been derived entirely
from a different approach. It is further observed that the
mean temperature profile based on the hyperbolic model
accurately matches with the actual calculation of heat
exchanger. Since the derivations in this paper are more
general, it will lead to a better understanding of the
mechanisms responsible for the characteristics of the
axial dispersion phenomena in heat exchangers.

2. Governing equations in shell-and-tube heat exchanger
with maldistribution in tube side

In the shell-and-tube heat exchanger, a constant
velocity of tube side fluid is usually assumed in all the
tubes. Actually, the velocity may vary from tube to tube
due to disadvantageous geometry of the inlet duct,
outlet duct and bonnets. On the shell side, plug flow is
assumed. For simplicity the overall heat transfer coef-
ficient is assumed to be uniform. This type of steady-
state maldistribution due to flow non-uniformity in tube
side gives dispersion which is investigated in this paper.

Under the realistic assumption of plug flow inside
each of the N tubes, the tube side equation is,

oy, kA/N

N g, — 0y =o. 1
a& " ) ey 0 ) M

This equation may be rewritten as
wy; 40y
wy dé
The second term of Eq. (2) represents the local heat flux

at the jth tube due to shell side fluid. Summing up all N
equations and dividing by N gives

lzN:i W, ) +NTU izNje —0:) =0, 3
Nj:ldé o 1 IN/':I 1 | =0,

where the second term represents the average local heat
flux associated with all the tube side flow and this must
be equal to the lateral flux associated with the shell side
fluid. Thus the shell side energy equation is given as

do, 1 &
dy+NTUz N;(ay—ez =0. (4)

For counter flow NTU, > 0, for cocurrent flow NTU, < 0
and for condensation or evaporation NTU, = 0.

The mean flow velocity inside the tube bundle in the
direction of ¢ is always positive and can be expressed as

R
wy :N ;Wl,i > 0. (5)

For partial back flow which is also under consideration,
flow velocities in some of the tubes are negative but the
mean flow velocity is always positive.

Egs. (2) and (4) generate N + 1 equations which are
to be solved by specifying the boundary conditions.
For no back flow, the boundary conditions are given by
Egs. (6)—(8):

(i) For counter flow and cocurrent flow without back
flow (w;; > 0; j=1,N)

+ NTU, (6, — 62) = 0. 2)

E=0: 0, =07 =1. (6)
(i1) For counter flow (NTU, > 0)

tE=1: 0, =0. (7)
(iii) For cocurrent flow (NTU, < 0)

£E=0: 0, = 0. (8)

In case of back flow in some of the tubes (w; > 0), let the
set of tubes S; have the forward flow and the set Sy
have the backward flow. Thus, Sy C (j=1,N) and
Sy C (j=1,N); such that, S;USy; =S = (j=1,N) and
SI n SH =0.

The boundary conditions due to this partial back
flow are given by Egs. (9)—(12) by taking into account
that the inlet and outlet bonnets are adiabatic mixing
chambers:

(1) At the inlet cross-section

£=0: va”ef—euzo, 0, =1, (9)

%

and for wi; >0 = 0, = 0} forwara = const (j € Sy).
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(i) At the outlet cross-section

N
c=1: > e, -0) =0, (10)
j=1

Wi

andforw;; <0 = 0); = 0; poac = 0] = const (j € Su).
(iii) For counter flow (NTU, > 0; w; > 0)

E=1: 0, =0. (11)
(iv) For cocurrent flow (NTU, < 0; w; > 0)
&E=0: 0, =0. (12)

In the heat transfer terminology there appear two
mean temperatures: cross-sectional mean and adiabatic
mean. The cross-sectional mean temperature is the
arithmetic mean value of all tube side fluid temperatures
at a location £. The adiabatic mean temperature is the
weighted mean of tube side temperatures at a location ¢&.
The two mean temperatures are expressed as

1 N
Blmzﬁ ;01_/’7 (13)

1.0

and

1 u Wi,
0y =— —L0,;. 14
1f N ; wl 1j ( )
The cross-sectional mean temperature 0y, is the driving
potential for heat transfer whereas the adiabatic mean
temperature is the actual exit fluid temperature. These
two temperatures are related as

01_)" = le + (Qlf - glm)
_0 +li Y1 )e (15)
Y - o 1

The system of N + 1 differential equations, Egs. (2) and
(4), can be solved numerically or analytically along with
boundary conditions, Egs. (6)-(12), to give the cross-
sectional and adiabatic mean temperature profiles.
Using a suitable finite difference method the results
obtained by Roetzel and Na Ranong [19] are shown
in Figs. 2 and 3.
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Fig. 2. Numerically calculated axial temperature profiles for maldistribution without back flow for NTU; = 2 and NTU, = 1. Top:

linear velocity distribution; bottom: quadratic velocity distribution.
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Fig. 3. Numerically calculated axial temperature profiles for two channels with back flow in one channel, NTU, = 14.4 and NTU, = 30.

At the inlet bonnet to the heat exchanger for no back
flow, Eq. (6) indicates that both the mean values of inlet
temperature to the tubes assume the value of 0;. Thus
Eq. (6) and also Fig. 2 lead to

éIOZ Hlf:F)lm:Gl_:l. (16)
At the outlet bonnet, as shown in Fig. 2, all fluid streams
are mixed to leave at a common exit temperature 0,
which is different from 0,,,. Thus

621 : 0|f7é01m. (17)

The recirculation of fluid causes mixing of forward and
back flows at the bonnets. At the inlet bonnet, Eq. (9)
and also Fig. 3 indicate that the adiabatic mean tem-
perature is equal to the inlet fluid temperature and the
cross-sectional mean temperature drops suddenly. Thus

At the outlet bonnet, Eq. (10) and also Fig. 3 show that
both the mean temperatures are equal to the exit fluid
temperature. Thus

f: 1 . elf:91m:91+~ (19)
These boundary conditions in terms of mean tempera-
tures are used later to establish the boundary conditions

for a hyperbolic model.

3. Axial dispersion models

The existence of dispersion terms can be derived by
rearranging the governing equations for the heat ex-
changer in terms of the cross-sectional mean tempera-
ture which is the decisive temperature for heat transfer.
Egs. (3) and (4) can be rewritten in terms of their mean
temperatures as:

e + NTU,(0y,, — 0,) =0, (20)
d93 + NTUy (04, — 05) = 0. (21)
d¢
Using Eq. (15), Eq. (20) can be expressed as

ac +17ed_§+NTU1(01m_02)_0' (22)

The local dimensionless dispersive flux at any location
(¢) may be defined as

@(¢) = Pe [elf(é) - Hlm(f)}

Pe & wy;
-2 (2= 1oy o) (3)
Eq. (22) reveals that the maldistributed tube side flow can
be treated as a plug flow stream with mean velocity w,
and temperature 0,,,. However, a correction term, known
as dispersion, is necessary to account for the difference
between two mean temperatures. The dispersion term
may be recognised as a dispersive flux as shown in Eq.
(22) to account for the maldistribution effect in tube side
flow. Since Eq. (22) has to be expressed in terms of 0y,, to
take care of heat transfer, the dispersive flux should also
be expressed as a function of the same variable.

The variables 0,, and 0,,, are related to each other by
a certain functional relationship. At the present context,
it is not of interest to derive this relation. Here, a simple
method [17] has been adopted to illustrate the difference
between these two mean temperatures. Let the two
streams of fluid with velocities w; and w, flow through
two channels of widths B, and B, (B; > B,), respectively,
as shown in Fig. 4. The temperature change for similar
thermal boundary conditions for the channels (e.g.,
constant wall heat flux) can be found to be

AT] > ATZ for wp < wa.
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Fig. 4. Fluid flowing through adjacent channels with different
temperatures and velocities: illustration of the difference be-
tween cross-sectional and adiabatic mean temperatures.

The cross-sectional mean temperature at the exit can be
calculated as

AT, (B, + B,) = AT\B, + AT:B,. (24)
The adiabatic mean temperature must take care of the
weighted mean to yield

ATad(Blwl + Bsz) = AT1B1w1 + AT232W2. (25)

Hence the difference between the two mean temperatures
can be derived as

AT, — ATy

= (AT, — ATZ)(

B ___ B ) (26)
31+Bz Bl +BzW2/W1
Since both the terms on the right-hand side of this
equation have the same sign, it can be inferred that the
cross-sectional mean temperature changes faster than
the adiabatic mean temperature and the case is changed
for fluid losing heat. The sketches of the temperature
profiles are shown in Fig. 5(i) and (ii). In the absence of
lateral heat conduction through the wall, the nature of

the temperature as shown in Fig. 5(ii) is consistent with
Figs. 2 and 3.

Let ac and bc be vertical and horizontal lines, re-
spectively, where the points a, b and ¢ are situated on the
mean temperature profile as shown in Fig. 5. Along the
horizontal line the temperature 0,, at the location ¢ is
equal to 0y, at the location (¢ — 1/Pe) where the hori-
zontal distance is assumed to be 1/Pe. Hence using
Taylor’s expansion, Eq. (23) can be written as

@(&) = Pe[01,(& — 1/Pe) — 01, (E)]
de,, 1 1d%,, 1

:_d—é—i_iﬁd—g___ + - (27)

A parabolic model can be obtained from Eq. (27) by
neglecting the second- and higher-order terms to give

__dglm
¢ = ac

(28)

The associated Peclet number Pey,, for this model can be
estimated from the global energy balance in the heat
exchanger.

The parabolic model given by Eq. (28) indicates that
flux is equal to temperature gradient at the same loca-
tion if the higher terms are neglected. If the higher order
terms are appreciable a general proposition may be that
the location of flux and temperature gradient may differ.
This means that the very deletion of second and higher
terms should be compensated by changing the location
of flux. Thus

delm
-
Here M? is a certain weighted parameter to decide the
location of flux and this parameter has to be determined
from the heat exchanger equations. This is the hyper-
bolic formulation which approaches the parabolic model
in the limiting case of M = 0. The hyperbolic model of

(& +M*[Pe) = (29)

driwing temperature difference

wall / shell side flud

adiabatic mean
temperature
cross-sectional

temperature N mean temperature
\ TN
TN SN s

\--\\‘ \v,\\\ ».\i\ N g . //] p
RIS i S

~ d -

PO D outlet outlet
DN @;’ 1/Pe temperature temperature
o N ]

LT ™ prpgg-sectional ; ) jutmp
R t fur . .

D™, diabat mean temperalure wall f shell side flwd

adiabatic mean
temperature R temperature R
g g g g

@

(1)

Fig. 5. Cross-sectional and adiabatic mean temperature profiles: (i) heated fluid and (ii) cooled fluid.
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Chester’s flux equation can be developed by using
Taylor’s expansion of Eq. (29) and neglecting the second
and higher order terms in flux to yield
M 2 d(/) d91m

P T " ae
In the present context M? is a weighted parameter, but it
has a broader meaning of “third sound wave Mach
number” [17-19]. The existence of a hyperbolic model
depends on the evaluation of M? from the constitutive
equations of heat exchanger which is derived later.
Similar to the parabolic model, the associated Peclet
number in hyperbolic model, Peyy, can be determined
from the energy balance.

(30)

4. Determination of Mach number

The evaluation of the weighted parameter, Mach
number is essential in order to determine the model and
its boundary conditions. The hyperbolic flux formula-
tion given by Eq. (30) and flux expression Eq. (23) can
be combined to yield

Pe—z U 1)6y, M ZN: Wy ) 40y
1j dé

d91m
-3 (31)

Also substituting the second and third terms of Eq. (31)
by Eq. (2) results in

PeZ(WU )01,+NTU1MZZ<W 1)
1j

—1

N _
w
(01— 0o) = NTU; Y W—‘(ol,-—og. (32)
=1 "V
For no back flow at £ = 0, application of Eq. (16) yields
that the first term of Eq. (32) is to be zero. Thus at & = 0,
Eq. (32) can be expressed as

, 1 Ew 1S w

M=+ ; le/N ; (WU 1). (33)
This equation has also been derived previously [19]. For
the presence of back flow, Eq. (19) implies that the first
term in Eq. (32) is also zero at ¢ = 1. Hence the ex-
pression for M? leads to same form as Eq. (33). Since
the velocities in some of the tubes are negative, M? will
have a fractional value. The expression for Mach
number is an evidence for the existence of hyperbolic
model. Eq. (33) indicates that though the expression is
the same for both Mach numbers but its values are
different depending on the flow situation in tube side.
As per assumption that Mach number is a constant
weighted parameter, its determination from the

boundaries is also valid for the entire spatial coordi-
nate.

The forward flow in the tubes gives M? > 1 and the
partial backward flow gives M? < 1. Hence it is logical
to assume that M? is unity when there is flow stagnation
in the tube bundle without affecting the shell side flow.
There are two such flow stagnation situations. The first
case is one extreme condition when there is neither
forward flow nor backward flow in the tube bundle and
the second case is another extreme condition when the
amount of fluid flow in forward direction returns back
as the back flow. In both cases no fluid leaves the exit
bonnet. The first one refers to M — 17 where the second
one refers to M — 1. These two values of Mach
numbers are the limiting values of the two different flow
situations. Mathematically, this leads to two different
values having discontinuity between them. This discon-
tinuity of Mach number at unity is quantitatively shown
elsewhere [18].

Experimental evidence of Mach number. The adia-
batic thermal environment can be created from an
analogous mass transfer where the heat interaction be-
tween tube side and shell side fluids can be eliminated.
This will lead both NTU; and NTU, to zero. By intro-
ducing a tracer at the inlet and from residence time
measurement, Mach number can be calculated. For a
pure maldistribution, Peyy, is also zero. Roetzel and Na
Ranong [19] have calculated the Mach number from
mass transfer experiment which exactly matches with the
theoretical calculation given by Eq. (33). The experiment
indicates that Mach number is not a fictitious quantity
rather it is an independent quantity having experimental
evidence.

5. Derivation of boundary conditions

For hyperbolic model, Egs. (22) and (30) can be used
to describe the cross-sectional mean temperature profile
for tube side flow. Eq. (21) which is unchanged gives the
actual (or cross-sectional mean) temperature profile of
the shell side fluid. These three equations are the gov-
erning equations of the hyperbolic model of the heat
exchanger. It has been observed that hyperbolic model is
the only alternative due to the existence of finite, non-
negative value of Mach number. If hyperbolic model is
the best representation of a cross-sectional mean tem-
perature profile, the constitutive equations of heat ex-
changer and its associated boundary conditions must
yield the hyperbolic type boundary and exit conditions.
It may be noted that general hyperbolic boundary con-
ditions have been proposed by Sahoo and Roetzel [18],
where Danckwerts [3] boundary condition happens to be
a special case as M = 0.

Subsonic zone (0< M < 1). In the subsonic zone,
both forward and backward fluid flows are present in
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the tube side. By substituting Eq. (23) into Eq. (30) leads
to

Mz dj _ delm
Peyy, dé d¢ -’

Peyy, (Olf - Olm) + (34)

Substituting Eq. (22) into Eq. (34) results in

M*—14d0,, M?
——NTU,(0,,, — 0
Peyy, dE JrPehyp 10 2)

= (01y = O1n). (35)

At the inlet ¢ = 0, the adiabatic mean temperature is the

inlet temperature, 0; (equal to unity in the present case)

of the tube side fluid. This fact can be easily verified

from Eq. (18) and also from Fig. 3. Thus the inlet

boundary condition from Eq. (35) can be written as
M?*—14d0,, M?

+
Pehyp dé Pehyp

= (07 — Oi). (36)

5201 NTUI(OI,"—()Z)

At the outlet ¢ = 1, the adiabatic and the cross-sectional
mean temperatures are equal which can be seen from
Eq. (19) and also from Fig. 3. Hence the exit boundary
condition can be derived from Eq. (35) as

doy,, M?

é: 1: df = _mle(Olm — 02) (37)

Supersonic zone (M > 1). In the supersonic zone, all the
tube side fluid flows along the ¢ coordinate. As ex-
plained elsewhere [18], two boundary conditions are to
be specified at the inlet.

The first inlet boundary condition at ¢ =1 can be
obtained from Eq. (16) (or Fig. 2) as

£E=0: O =0, =1 (38)

Eq. (16) (or Fig. 2) also indicates that cross-sectional
and adiabatic mean temperatures are equal at & = 0, if
there is no back flow in the tube side. Hence from
Eq. (35), the second inlet boundary conditions can be
derived as

do,,, M?

= ——— _NTU,(61,, — 65). (39)

¢=0: ¢ M1

In the absence of back flow, Fig. 2 shows that the fluid

exit temperature is 0;, which is different from 0,,.

Although this is not a boundary condition, but it is

an important exit condition which can be derived from
Eq. (35) as

M?*—1d0,, M?
Pehyp dé Pehyp

= (01 — 01,,). (40)

E=1:

NTU, (91,,1 — 62)

Sonic zone (M = 1). The value of Mach number at unity
refers to two stagnation situations as explained earlier.

In both the situations, the inlet fluid temperature to tube
bundle is always the fluid temperature entering the
bonnet. There is no exit boundary condition for fluid in
tubes as in one case there is no flow and in other case the
same fluid returns back. Thus for sonic flow there will be
only one boundary condition [18] on cross-sectional
mean temperature as

£=0: O =0, =1 (41)

The exit condition on cross-sectional mean temperature
which is not a boundary condition can be written as

E=1: 01 = 0. (42)
The cross-sectional mean temperature at & = 0" will
drop suddenly due to mixing at the inlet bonnet and at
& =17, it will rise suddenly at the outlet bonnet due to a
virtual mixing. For finite values of temperature as given
by Egs. (41) and (42), the drop or rise in mean tem-
perature must be exponential in nature [18].

The boundary conditions and exit condition given by
Egs. (36)—(42) are resulted from the original governing
equations of heat exchanger when the dispersive flux is
formulated as a hyperbolic one. These equations are
same as those derived by Sahoo and Roetzel [18] entirely
from a different approach. On comparison, the lateral
heat flux in [18] is equal to the lateral heat flux,
—NTU,(0,,, — 0,) of the present investigation. For
parabolic model, Egs. (36) and (37) reduce to Danck-
werts boundary conditions [3] as M = 0.

Estimation of dispersive Peclet number. The Peclet
number (Pey,: Or Peyy,) represents the dispersion values
as it is not based on the diffusion of heat. These pa-
rameters are associated with dispersion flux which is a
correction term in Eq. (22). Hence they must be deter-
mined from energy balance involving both the tube side
and shell side fluids. The solution of cross-sectional
mean temperatures of tube side and shell side fluids at
the boundaries are enabled to estimate Peclet numbers.
For subsonic zone, Eq. (36) can be used to determine
Peyyp, since Eq. (37) is independent of it. Similarly, for
supersonic zone, Eq. (40) can be used to evaluate Peyyy,
since Egs. (38) and (39) are independent of this param-
eter. For parabolic model (M = 0), only Eq. (36) can
give the estimate of Pey,.

6. Comparison of models with numerical calculation

The constitutive equations for hyperbolic model are
described by Egs. (21), (22) and (30) with their boundary
conditions, Egs. (36)—(39). The solution of these equa-
tions should exactly depict the actual calculation of
cross-sectional mean temperature profile in a heat ex-
changer. The numerical calculations done by Roetzel
and Na Ranong [19] for actual heat exchanger, hyper-
bolic and parabolic models are shown in Figs. 6 and 7.
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Fig. 7. Supersonic temperature profiles in axial dispersion models for quadratic velocity distribution, NTU;, = 2 and NTU, = 1.

In their pioneering studies the boundary conditions for
hyperbolic and parabolic models are prescribed in terms
of flux. As shown in Fig. 6, the temperature jumps at the
inlet and positive slope at the exit are the characteristic
nature of subsonic boundary conditions described by
Egs. (36) and (37). In Fig. 7, the smooth nature of inlet
temperature profile is due to the inlet boundary con-
ditions described by Egs. (38) and (39), and also the
temperature jump at the exit is due to exit condition
given by Eq. (40).

7. Summary and conclusion

An exhaustive theoretical foundation has been laid
in this paper for recent developments in studies re-
garding wave model of axial dispersion. The maldis-
tribution in the form of velocity non-uniformity can be
accurately described if the dispersion flux behaves like
Chester-type equation in exchange with Fourier’s law.

The fundamental equations of hyperbolic model and its

boundary conditions in terms of cross-sectional mean

temperature have been derived from the basic equa-
tions of heat exchanger. This paper brings out the
following factors:

e The cross-sectional mean temperature with maldistri-
bution in a heat exchanger can be accurately pre-
dicted with a hyperbolic model.

e The Mach number in a hyperbolic model can predict
back flow and flow stagnation.

e The Mach number for propagation of third sound
wave can be estimated both theoretically and exper-
imentally.

e The boundary conditions derived in this paper are ex-
actly same as those proposed by Sahoo and Roetzel
[18].

The above salient features establish the ‘“third sound

wave propagation” [17-19]. However, more investiga-

tions are required for the transient processes and the
experimental determination of model parameters.
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