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Abstract
We investigate the occurrence of modulation instability in systems in which a dynamic Bragg
grating consists of alternating positive and negative Kerr coefficients. The dependence of
modulation instability gain spectra over the perturbation wavenumber and system parameters is
portrayed near and at the edges of the photonic band gap structure. Further, we demonstrate the
generation of traveling gap solitons near the photonic band gap structure through the
modulation instability.
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1. Introduction

Periodically modulated systems have always been worth
investigating owing to their versatile technological applications
in the field of telecommunications and optical fiber sensor
systems. These structures have the periodic variation of the
local propagation constant of light typically introduced by
the periodic modulation of refractive index of the fiber core
along its axis and thereby exhibit an electromagnetic band
gap (known as the photonic band gap (PBG)) induced by the
resonant Bragg coupling between the forward and backward
propagating waves. The pioneering work of Winful et al in
1988 [1] has laid the ground for extensive theoretical activity
in the field of nonlinear propagation in one-dimensional
periodic structures known as Bragg gratings (BGs). Significant
contributions to the studies of gap solitons and Bragg solitons,
the self-trapped localized pulses hosted by the band gap
of such periodically modulated nonlinear systems, by Chen
and Mills [2], Sipe and Winful [3], Christodoulides and
Joseph [4], and Aceves and Wabnitz [5], are worth mentioning.
Experimental work performed by Eggleton et al [6, 7]
and Taverner et al [8] proved the theoretical predictions,

thereby ensuring the beautiful attributes of these periodic
structures. These ‘gap solitons’ produced as the outcome of the
interplay between Kerr nonlinearity and strong grating induced
dispersion occur only when light propagates at a frequency
close to or at the Bragg frequency.

However, strong Bragg reflection poses the mighty
challenge for injection of light at this frequency and prevents
the formation of these structures. To overcome this intrinsic
disadvantage of static BGs, dynamic BGs were eventually
proposed by Pitois et al [9, 10] in which the periodic
modulation of the refractive index is generated through
Kerr nonlinearity with a beating wave that results from the
propagation of two intense laser beams of different frequencies
in a uniform fiber. These dynamic BGs get their name from
the spatiotemporal modulation of refractive index undergoing
translation motion at the speed of the light in the fiber.
Pelinovsky et al [11, 12] proposed a revolutionary structure
in static gratings that consists of alternating layers with
positive and negative Kerr coefficients to explore the new
avenue of nonlinearity management (NLM) quite in contrast
to conventional BGs with homogeneous Kerr nonlinearity. In
this work, we choose to focus on the structure of dynamic
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BGs possessing alternating layers of positive and negative Kerr
coefficients, and study the generation of ultra-short pulses in
terms of gap solitons through the modulation instability (MI)
phenomenon.

MI is a universal feature of wave propagation that
manifests itself as a natural means of break up of an
optical wave into a train of ultra-short pulses. This
destabilization mechanism for plane waves resulting from the
interplay between nonlinear and dispersive effects has diverse
applications such as frequency generation, optical switching,
laser techniques, etc [13]. Winful et al investigated the
occurrence of MI in nonlinear periodic structures [14] for
the first time. Later, MI has been investigated in BGs
extensively by Sterke, and it has been shown that MI can
also occur in the normal dispersion regime with a threshold
condition [15]. MI has been observed experimentally in an
apodized grating structure, too [16]. In addition to temporal
instabilities, spatiotemporal instabilities have also been studied
in a nonlinear bulk medium with BGs in the presence of
Kerr-type nonlinearity [17]. Of late, the MI phenomenon
has been studied both theoretically and experimentally in
dynamic BGs, the counterpart of static gratings, where it
has been experimentally demonstrated that there is no power
threshold for the occurrence of MI in the normal dispersion
regime [9, 10]. Porsezian et al [18–20] have also investigated
the MI conditions required for the generation of ultra-short
pulses in static BGs of an NLM system analogous to the
instability analysis which they had carried out in dual-core
optical fibers. In this paper, we investigate MI conditions near
and at the edges of the PBG and then discuss the generation of
traveling gap solitons through MI gain spectra in the dynamic
BGs under the influence of NLM.

The paper is organized as follows. In section 2, we
delineate the appropriate theoretical model to describe the
nonlinear pulse propagation in dynamic BGs consisting of
alternating positive and negative Kerr coefficients. Through
the nonlinear dispersion relation, we also explain the influence
of different nonlinear coefficients on the PBG structure. In
section 3, we investigate the occurrence of MI at the two edges
of the PBG structure as well as on the upper and lower branches
of the dispersion curves by means of standard linear stability
analysis (LSA). Section 4 discusses the generation of traveling
gap solitons through the resulting MI in the dynamic BGs.
Section 5 summarizes the results.

2. Theoretical model

A dynamic BG with modulation of the refractive index along
the fast axis of a high birefringent fiber is generated through
the cross-phase modulation of a temporal sinusoidal beating
wave produced by two grating waves propagating along the
slow axis of the fiber [9, 10]. The standard coupled mode
theory is utilized to describe the evolution of the electric field
in the presence of grating waves in such dynamic BGs. With
the consideration of the dynamic BGs possessing alternating
layers of different linear refractive indices and different Kerr
nonlinearities, the governing nonlinear coupled mode (NLCM)

equations describing the nonlinear propagation of light take the
form [9, 10]

∂ F

∂z
= − i

2
β2

∂2 F

∂ t2
− �′β2

∂ F

∂ t
+ iγ1

(|F |2 + 2|B|2) F

+ iκ B + iγ2[
(
2|F |2 + |B|2) B + F2 B∗],

∂ B

∂z
= − i

2
β2

∂2 B

∂ t2
+ �′β2

∂ B

∂ t
+ iγ1

(|B|2 + 2|F |2) B

+ iκ F + iγ2[
(
2|B|2 + |F |2) F + B2 F∗],

(1)

where F and B denote the forward and backward field
amplitudes, β2 is the group velocity dispersion coefficient, κ

describes the linear coupling due to dynamic grating, �′β2

represents the velocity of the forward and backward fields
in the grating reference frame, γ1 denotes the nonlinearity
coefficient (average Kerr coefficient), and γ2 is the NLM
(Kerr coefficient difference) coefficient. As we investigate
the system presented above, we find that, setting apart the
dispersion terms, these equations reduce to the form of
standard coupled mode equations pertinent to static BGs. As
has been mentioned in section 1, Pelinovsky et al extensively
investigated the above NLM system in static BGs [11, 12]. The
concept of nonlinearity management leads to the disappearance
of multistability resulting in hysteresis-free operation, and they
have modeled a complete analytical theory of true all-optical
limiting in nonlinear optical gratings [11, 12]. The generation
of ultra-short pulses in terms of Bragg grating solitons has been
investigated too in the NLM system of static BGs [18, 19].
Note that the above dynamic BGs (equation (1)) without the
NLM effect γ2 have recently been analyzed [9, 10].

3. Modulation instability analysis

In this section, we discuss the occurrence of MI in the
NLM system of a dynamic BG. Before investigating the MI
conditions, first we discuss the characteristics of the nonlinear
periodic structure in terms of physical parameters like average
Kerr coefficient γ1 and NLM coefficient γ2 on the PBG
through the nonlinear dispersion relation. It has been well
established that knowledge of the nonlinear dispersion curves
obtained from the continuous wave solutions of the coupled
mode equations provides considerable physical insight into the
existence of the PBG. The continuous wave solutions to the
above NLCM equations are assumed to be of the form

F = α f
√

1 + f 2
ei(βz−ωt), B = α

√
1 + f 2

ei(βz−ωt), (2)

where α2 = |F |2 + |B|2, f = F/B is the ratio of the forward
to the backward amplitude, ω is the frequency detuning with
respect to the grating wave’s frequency �′, and β is the
detuning between the wavenumber of the field and the Bragg
wavenumber of the field. Upon substitution of the continuous
wave solutions into the NLCM equations and considering
power P = α2, we get the following dispersion relations of
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Figure 1. (a) Dispersion relation of dynamic BGs for the case of no NLM. The solid line is for γ1 = 0.05 m−1 W−1, the dashed line for
γ1 = 0.5 m−1 W−1 and the dotted line for γ1 = −0.5 m−1 W−1. (b) Dispersion relation of dynamic BGs for the case of balanced NLM.
The solid line is for γ2 = 0.05 m−1 W−1, the dashed line for γ2 = 0.25 m−1 W−1 and the dotted line for γ2 = 0.5 m−1 W−1.

the system:

ω =
(

κ

2β2�′ + γ2 P

2β2�′

) (
f 2 − 1

f

)
+ γ1 P

2β2�′

(
f 2 − 1

f 2 + 1

)
,

β = ω2β2

2
+ κ

(
f 2 + 1

2 f

)
+ γ2

(
6P f 2 + P( f 4 + 1)

2 f (1 + f 2)

)

+ 3γ1 P

2
.

(3)

Note that these relations reduce to the exact form obtained
in dynamic BGs without the NLM effect upon deleting the
Kerr coefficient difference γ2 [10]. Porsezian et al [18, 19]
established the analysis of nonlinear propagation through static
BGs by means of dispersion curve studies. In static BGs they
have shown that the gap formation occurs in the frequency
variable and they have studied the role of NLM over the
loop formation in the dispersion curve well. Here we have
obtained the nonlinear dispersion relation for the case of
dynamic BGs, and they are well portrayed in figures 1(a)
and (b). These curves have been obtained with physical
parameter values close to the real experimental conditions, i.e.,
group velocity dispersion coefficient β2 = 60 ps2 km−1, power
P = 15 W, and linear coupling constant κ = 1 m−1. The
dispersion plots with the frequency detuning in the abscissa
and the wavenumber detuning in the ordinate reveal the
essential feature of gap formation in the wavenumber variable
β characteristic of dynamic BGs, in contrast to the static
grating, where gap formation occurs in the frequency variable.
Gap formation in the wavenumber variable implies that any
frequency can propagate, constituting free wave propagation.

Analyzing the no NLM and balanced NLM cases in
figures 1(a) and (b), respectively, the upper branch depicts
the family of continuous wave solutions in which f > 0
(anomalous dispersion regime) and the lower branch depicts
the case f < 0 (normal dispersion regime). Opening of the
band gap in the dispersion relation characteristic of BGs is
shown in these figures. The solid line in figure 1(a) shows
the dispersion relation for a low value of the nonlinearity
parameter in the no NLM case where our result coincides
exactly with those obtained in [10]. Increasing the nonlinearity

values increases the average refractive index of the medium
and hence there is a shift in the PBG.

The dashed and dotted lines imply that as we increase
the value of γ1, then loop formation occurs. The sign of the
nonlinearity parameter determines the loop formation in the
upper or lower branch of the dispersion relation. Figure 1(b)
depicts the balanced NLM case. Here, as we increase the NLM
parameter γ2, the PBG formed in the wavenumber variable
grows larger. The reason could be that the intensity induced
nonlinear grating gets added increasingly constructively to the
existing linear grating. This further results in the creation of a
larger band gap to block a large range of input pulses.

To study the MI of the continuous wave stationary
solutions, we add small perturbations δF and δB to the forward
and backward fields respectively:

F =
(

α f
√

1 + f 2
+ δF(z, t)

)

ei(βz−ωt),

B =
(

α
√

1 + f 2
+ δB(z, t)

)

ei(βz−ωt).

(4)

Substituting these expressions into the NLCM equations and
linearizing, we obtain

∂δF

∂z
+ i

2
β2

∂2δF

∂ t2
+ β2(ω + �′)

∂δF

∂ t

+
(

iβ − iω2β2

2
− iω�′β2

)
δF − iκδB − iγ1

×
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α2 f 2

1 + f 2
δF∗ + 2α2δF + 2α2 f

1 + f 2
(δB + δB∗)

)

− iγ2

(
α2δB∗ + 2α2δB + 2α2 f

1 + f 2
(2δF + δF∗)

)
= 0

∂δB

∂z
+ i

2
β2

∂2δB

∂ t2
+ β2(ω − �′)

∂δB

∂ t

+
(

iβ − iω2β2

2
+ iω�′β2

)
δB − iκδF − iγ1
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Figure 2. MI gain plotted as a function of frequency obtained from LSA for different values of γ1 at different values of f . Solid, dashed,
dot–dashed, and dotted lines correspond to the values of γ1 0.05, 0.1, 0.2, and 0.25 m−1 W−1, respectively.

×
(

α2

1 + f 2
δB∗ + 2α2δB + 2α2 f

1 + f 2
(δF + δF∗)

)

− iγ2

(
α2δF∗ + 2α2δF + 2α2 f

1 + f 2
(2δB + δB∗)

)
= 0.

(5)

We assume the following modulational ansätze for the
perturbations:

δF(z, t) = us(z) exp[i�mt] + ua(z) exp[−i�mt],
δB(z, t) = vs(z) exp[i�mt] + va(z) exp[−i�mt], (6)

where (us, ua), (vs, and va) are the amplitudes of the
Stokes and antiStokes bands of the forward and backward
waves, respectively. Upon substituting these ansätze into
the linearized equations, we obtain the equation for the
perturbation

∂[Y ]
∂z

= i[M][Y ], with Y T = [ua, u∗
s , va, v

∗
s ]. (7)

The matrix elements are given in the appendix. Note that these
relations exactly coincide with those obtained in [10] upon
taking γ2 = 0.

We have focused on the occurrence of MI in dynamic
BGs in the light of two different classifications of no NLM
(Kerr coefficient difference being zero) effect and balanced
NLM (average Kerr coefficient being zero) effect, with further
consideration of in-phase and out-of-phase cases of the linear
index difference remaining positive or negative, respectively.
The key idea behind considering these cases stems from
the fact that the NLCM equations provide significant control
over both the Kerr coefficient (oppositely signed) and linear
indices of the materials. A spectral range can be achieved
where the desired positive or negative Kerr coefficients emerge
depending upon single absorption resonances at different
spectral positions. Also, index matching techniques will enable
control over the value of the linear index difference.

Further, we have considered the typical two-dimensional
gain spectra obtained from the LSA. Figure 2 portrays the
effect of the NLM coefficient over the MI gain in the absence
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Figure 3. Optimum frequency and optimum gain plotted as a function of γ1 obtained from LSA in the ((a1) and (b1)) normal ( f < 0) and
((a2) and (b2)) anomalous ( f > 0) regimes of the no NLM case. The solid, dashed and dotted lines correspond to different values of f :
−25,−10 and −1 in the f < 0 case and 1, 10 and 25 in the f > 0 case.

of NLM cases. While figure 2 gives the MI gain spectrum
at various regions of the upper branch of the dispersion curve
( f = 1, 10 and 25) corresponding to the anomalous dispersion
regime and at various regions of the lower branch of the
dispersion curve ( f = −1,−10 and −25) corresponding
to normal dispersion regime in the no NLM case, figure 3
gives the optimum modulation frequency (�opti) and optimum
modulation gain (Gainopti) plotted as a function of the NLM
coefficient in the normal and anomalous regimes of the no
NLM case. Analyzing the occurrence of MI gain in the no
NLM case, one could note that the MI gain increases steadily
with γ1 at different regions of the upper and lower branches
of dispersion curve. The optimum frequency has a critical
dependency region between 0 and 0.1 m−1 W−1 of γ1 for the
exact bottom tip ( f = 1) of the upper dispersion curve regime
and 0 and −0.10 m−1 W−1 of γ1 for the exact top ( f = −1)

of the lower dispersion curve regime. Far from the upper and
lower dispersion curves, it almost remains constant with γ1.
The optimum gain increases with the magnitude of γ1 in both
upper and lower branches of the dispersion curve regimes.

Figure 4 gives the MI gain spectrum at various regions
of the upper branch of the dispersion curve corresponding to
the anomalous dispersion regime and at various regions of the
lower branch of the dispersion curve corresponding to normal
dispersion regime in the balanced NLM case. Another major
difference is visible in figures 2(e) and (f) and figures 4(d)
and (e), which show that, for | f | = 25, in the no NLM
case (considered by Pitois et al [10]) the optimum modulation
frequency is almost insensitive to variation of the coefficient
γ1 (as figures 2(e) and (f) show), whereas the balanced NLM
case exhibits exactly the opposite behavior, that is, a strong
sensitivity of optimum modulation frequency with respect to
variation of the coefficient γ2 (as figures 4(d) and (e) show).
The same qualitative difference appears between the two cases
for f = 10, as can be seen in figure 2(d) and figure 4(c).
Figure 5 gives the optimum frequency and optimum gain
plotted as the function of NLM coefficient in the normal and
anomalous regimes of the balanced NLM case. Unlike the no
NLM case, the balanced NLM case shows different behavior

in the upper and lower dispersion curve regimes. Gain occurs
at distinct peaks rather than over a certain band of frequency
at f = 10 and 25 regimes of the upper dispersion curve.
A startling observation could be the lower dispersion curve
showing no gain at all at the f = −10 regime for the chosen
values of γ2 = 0.05, 0.1, 0.2, and 0.25 m−1 W−1. This could
be confirmed from the plot in figure 5(a1): in the positive
side of γ2, there are high oscillations for the dashed curve
corresponding to f = −10, suggesting the absence of MI
there. So this could be viewed as the balanced NLM case
supporting the phenomenon of MI near the gap edge and far
from the gap ( f = −1 and −25) in the lower dispersion
curve while in between ( f = −10) it does not. Far from the
dispersion curves, at f = ±25, the optimum gain has a small
hump in the critical regime between 0 and −0.1 m−1 W−1 of
γ1.

A noticeable feature in figure 5(a1) is the presence of large
oscillations in the �opt curve of the positive γ2 regime. In
fact, those oscillations occur in regions where the MI gain is
essentially zero, and are therefore meaningless.

Figures 6 and 7 depict the three-dimensional view of the
MI gain as a function of linear coupling constant κ in the no
NLM and balanced NLM cases. Here it can be realized that
positive and negative sign of the nonlinearity parameter γ1

suggest two different scenarios of the periodic structure and
hence the different gain scenario on either side of the zero
value of nonlinearity parameter γ1. But a positive or negative
value of the NLM parameter denoting the nonlinearity contrast
between the refractive indices of the alternating layers exposes
physically the same structure, thus yielding the equivalent
MI gain on either side. The noteworthy point one can infer
from detailed study of the in-phase (κ > 0) and out-of-phase
(κ < 0) cases in the anomalous ( f = 1) and normal ( f = −1)
regimes explicitly is that the gain spectrum obtained on the top
and bottom of PBG in the in-phase case is exactly equal to the
gain spectrum achieved on the bottom and top of PBG in the
out-of-phase case. This is true in both no NLM and balanced
NLM cases. The term in-phase linear grating refers to the case
when the material with the higher linear index has a positive
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Figure 4. MI gain plotted as a function of frequency for different values of γ2 at different f . Solid, dashed, dot–dashed, and dotted lines
correspond to the values of γ1 0.05, 0.1, 0.2, and 0.25 m−1 W−1, respectively.

Kerr coefficient, and the material with the lower linear index
has a negative Kerr coefficient. Similarly, the term out-of-
phase linear grating means that the material with lower linear
index has a positive Kerr coefficient, and the material with
higher linear index has a negative Kerr coefficient.

The MI gain is also portrayed as a function of power P
for both anomalous and normal dispersion regimes of the no
NLM case and the balanced NLM case in figures 8 and 9,
respectively. It can be seen that while the anomalous dispersion
regime in both no NLM and balanced NLM cases possesses a
critical power limit, the normal dispersion regime of the no
NLM case has no critical or threshold power, a fact which is in
agreement with the result obtained by Pitois et al [9, 10]. We
have found that the normal dispersion regime of the balanced

NLM case, nevertheless, permits MI only when the pump
possesses a critical or threshold power of significantly large
value.

As of now, we have thoroughly discussed the development
of MI for two different physical situations, namely average
Kerr coefficient and nonlinearity management (Kerr coefficient
difference), using well established semi-analytics via LSA.
However, it is useful to confirm the existence of MI
numerically. The numerical solving of the NLCM
equations (1) by means of the split step Fourier method is
a relatively lengthy procedure. Consequently, a thorough
study of the MI process (as we have done with the LSA)
by the numerical procedure would be too time consuming.
Throughout the present study, we have rather performed a

6



J. Opt. A: Pure Appl. Opt. 11 (2009) 015203 A Joseph et al

Figure 5. Optimum frequency and optimum gain plotted as a function of γ2 obtained from LSA in the ((a1) and (b1)) normal ( f < 0) and
((a2) and (b2)) anomalous ( f > 0) regimes of balanced NLM case. The solid, dashed and dotted lines correspond to different values of f :
−25,−10 and −1 in the f < 0 case and 1, 10 and 25 in the f > 0 case.

Figure 6. MI gain plotted as a function of frequency and coupling coefficient κ in the no NLM regime in (a) anomalous ( f > 0) and
(b) normal ( f < 0) regimes.

Figure 7. MI gain plotted as a function of frequency and coupling coefficient κ in the balanced NLM regime in (a) anomalous ( f > 0) and
(b) normal ( f < 0) regimes.

detailed study by means of LSA, but with a systematic
checking of the correctness of the LSA in major cases. As a
general result, we have found that the LSA agrees surprisingly
well with the direct numerical solving of the NLCM equations.
This is clearly illustrated in figures 10 and 11, which present a

direct comparison between these two methods for the no NLM
regime and the balanced NLM regime at the exact bottom tip
of the upper dispersion curve ( f = 1) with power P = 15 W,
κ = 1 m−1, and β2 = 60 ps2 km−1. Thus, one can clearly
observe that the agreement between the numerical procedure
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Figure 8. MI gain plotted as a function of frequency and power in the no NLM regime in (a) anomalous ( f > 0) and (b) normal ( f < 0)
regimes.

Figure 9. MI gain plotted as a function of frequency and power in the balanced NLM regime in (a) anomalous ( f > 0) and (b) normal
( f < 0) regimes.

Figure 10. MI gain plotted as a function of frequency at the exact bottom tip of the upper dispersion curve ( f = 1) through numerical
analysis (a) and through LSA (b) in the no NLM regime with γ1 = 0.05 m−1 W−1.

and the LSA is excellent, not only in the prediction of the
optimum modulation frequency but also in the prediction of
the optimum gain.

4. Generation of gap solitons

Thus far, we have completely analyzed the MI gain spectra
near the edges of the PBG of a dynamic BG. Now, the next
natural step is to investigate the generation of ultra-short pulses
in terms of gap solitons through the resulting MI gain spectra.

The reason one may envision for the attractive versatility of
the periodic structures is the fact that these structures exhibit
narrow regions of high reflectivity, the forbidden gaps, and
wide transmission regions, the pass bands. The generic type
of solitary waves whose frequency lies within these forbidden
gaps of the periodic system constitute ‘gap solitons’. At
this juncture, a review of the gap soliton solutions obtained
in the coincidental investigations can be given. The solitary
wave solutions applicable anywhere in the PBG structure were
initially proposed for static BGs with the omission of residual
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dispersive terms in the absence of nonlinearity management,
which took the form

Af,b = υEf,b exp(iϒ(ϕ)) with

Ef = ±
√

±κ

2γ1

1


sin(ρ) exp(±iσ)sech

(
ϕ ∓ i

ρ

2

)
,

Eb = −
√

±κ

2γ1
 sin(ρ) exp(±iσ)sech

(
ϕ ± i

ρ

2

)
, (8)

where

ϕ = κ√
1 − ϑ2

sin(ρ)(z − ϑct/n̄),

σ = κ√
1 − ϑ2

cos(ρ)(ϑz − ct/n̄),

ϒ(ϕ) = − 4ϑ

3 − ϑ2
tan−1

(
sin(ρ)

exp(2ϕ) + cos(ρ)

)

with  =
(

1 − ϑ

1 + ϑ

)1/4

.

(9)

These solutions were obtained analytically from the NLCM
equations describing the nonlinear propagation through BGs
via the coupled mode theory where the coupling between
the forward and backward modes is considered. Utilizing
the envelope function approach, Sterke and Sipe [21] derived
the nonlinear Schrodinger equation and presented the solitary
wave solution far from the PBG of the BGs. Recently,
Porsezian et al [18, 19] studied the bright and dark soliton
solutions utilizing multiple scale analysis for the static case of
BGs with NLM which takes the form

Fbright = √
Pbsech

(
1

τb

√
b
(t + βz)

)
exp(i(K z − ωt)),

Fdark = √
Pdtanh

(
1

τd

√
b
(t + βz)

)
exp(i(K z − ωt)),

(10)

where

Pb = 2

(
ω

κ
+ 3ω2

8κ3
− β1

) (
4κ2

3γ1 − 4γ2

)
, b = 1

8κ3

τb =
√(

ω

κ
+ 3ω2

8κ3
− β1

)−1

,

Pd =
(

ω

κ
+ 3ω2

8κ3
− β1

)(
4κ2

3γ1 − 4γ2

)
,

τd =
√

2

(
ω

κ
+ 3ω2

8κ3
− β1

)−1

,

(11)
where ω is the frequency, K is the wavenumber, and β1 is the
group velocity. Here we embark on a systematic investigation
to arrive at the gap soliton solution of dynamic BGs with NLM
achieved within the gap limits. Following [22], assuming the
gap soliton solution of the form F(z, t) = F(z)e−iωt and
B(z, t) = B(z)e−iωt and considering the symmetry of the
system, F(z) = B∗(z) [23], the first of the NLCM equations is

obtained as

i
∂ F(z)

∂z
= −ω2β2

2
F(z) − ω�′β2 F(z) − κ F(z)∗ − γ1

× (3|F(z)|2 F(z)) − γ2(3|F(z)|2 F(z)∗ + F(z)3). (12)

The amplitude F(z) is considered to be of the form

F(z) = √
E(z)e−iφ(z)/2. (13)

Substituting this into equation (13) and separating out the real
and imaginary parts, we arrive at the following equations:
∂φ(z)

∂z
= −ω2β2 − 2ω�′β2 − 2κ cos φ(z) − 6γ1 E(z)

− 8γ2 E(z) cos φ(z),

∂ E(z)

∂z
= −2κ E(z) sin φ(z) − 4γ2 E(z)2 sin φ(z).

(14)

The Hamiltonian of the system is found to be

H = −ω2β2 E(z) − 2ω�′β2 E(z) − 2κ cos φ(z)E(z)

− 3γ1 E(z)2 − 4γ2 E(z)2 cos φ(z). (15)

Following [22], considering solutions that rapidly decay in
space, i.e., when E(z) → 0 at |z| → ∞, H = 0, we obtain

∂φ(z)

∂z
= ω2β2 + 2ω�′β2 + 2κ cos φ(z),

E(z) = −(ω2 + 2ω�′)β2 − 2κ cos φ(z)

3γ1 + 4γ2 cos φ(z)
.

(16)

Integrating, we find

cos φ(z) = 1 − Q2
1 tanh2(Q2z)

1 + Q2
1 tanh2(Q2z)

, (17)

with

Q1 =
√

2κ + (ω2 + 2�′ω)β2

2κ − (ω2 + 2�′ω)β2
,

Q2 =
√

4κ2 − (ω2 + 2�′ω)2β2
2

2
.

(18)

After certain manipulations, we arrive at the expression for the
amplitude E as

E(z) = −(ω2 + 2ω�′)β2 − 2κ

(3γ1 + 4γ2) + (3γ1 − 4γ2)Q2
1 tanh2(Q2z)

+ (2κ + (ω2 + 2�′ω)β2) tanh2(Q2z)

(3γ1 + 4γ2) + (3γ1 − 4γ2)Q2
1 tanh2(Q2z)

. (19)

This can be further simplified as

E(z) = [ω2 + 2ω�′β2 + 2κ]
× ((4γ2 − 3γ1)Q2

1 sinh2(Q2z) − (3γ1 + 4γ2)

× cosh2(Q2z))−1. (20)

The gap soliton solution is now obtained:

F(z, t) = √
E(z)e

−iφ(z)
2 e−iωt

B(z, t) = √
E(z)e

iφ(z)
2 e−iωt

, with

− 2κ

(1 + 2�′)β2
< ω <

2κ

(1 + 2�′)β2
.

(21)
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Figure 11. MI gain plotted as a function of frequency at the exact bottom tip of the upper dispersion curve ( f = 1) through numerical
analysis (a) and through LSA (b) in the balanced NLM regime with γ2 = 0.05 m−1 W−1.

Figure 12. Intensity plot of the gap soliton solution obtained for the no NLM case with γ1 = 0.05 m−1 W−1 and the balanced NLM case with
γ2 = 0.05 m−1 W−1.

The investigation of MI proves beneficial for the realization of
solitons, from the experimental point of view. The peak power
parameter P takes the form

Ppeak = ((ω2 + 2ω�′)β2 + 2κ)

(3γ1 + 4γ2)
. (22)

Figures 8 and 9 provide the magnitude of the peak power
to excite the gap soliton in the anomalous dispersion regime
of the no NLM case and in both the anomalous and normal
regimes of the balanced NLM case. Thus we have generated
the gap solitons formed out of the critical powers obtained in
the anomalous regime. The qualitative forms of the gap soliton
solution obtained for the no NLM case and balanced NLM case
are portrayed in figure 12.

5. Conclusion

To summarize, we have studied theoretically the nonlinear
dynamics of continuous wave propagation through dynamic
BGs which consist of alternating positive and negative Kerr
coefficients. We have in particular carried out the MI analysis
of two special cases with the help of well established LSA.
The first case is one with equal Kerr coefficients, the linear
dynamic grating case termed no NLM, and the other has
alternating oppositely signed Kerr coefficients, termed the case
of balanced NLM. The predominant issues which we have

deduced from the analysis could be compiled as follows. Large
values of the nonlinearity parameter (average Kerr coefficient)
γ1 result in the loop formation in the dispersion curves of
the no NLM case, while large values of nonlinearity contrast
parameter (Kerr coefficient difference) γ2 widen the band gap
of balanced NLM dispersion curves. We have demonstrated
that the optimum modulation frequency is strongly sensitive
to the Kerr coefficient difference parameter γ2 rather than the
average Kerr coefficient parameter γ1, which has minimum
influence on the optimum modulation frequency. Besides,
ascertaining the fact that the normal regime of the no NLM
case possesses no critical or threshold power to permit the
occurrence of instability phenomena [9, 10], we have also
found that the normal regime of the balanced NLM case
permits MI only at a very large threshold pump power. The
nonlinear development of MI obtained by LSA has been
checked numerically by direct simulation of the governing
equations using the split step Fourier method, and an excellent
confirmation of the results obtained between the two methods
is shown. A revelation of the gap soliton solution for the
system is also carried out analytically, and gap solitons are
generated through the MI analysis.
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Appendix

The elements of the stability matrix of the LSA are given as
follows:

M11 = −β + β2

2
(ω2 + �2

m) + β2(ω�m + �′�m + ω�′)

+ 2γ1 P + 4P f

1 + f 2
γ2,

M12 = γ1
P f 2

1 + f 2
+ γ2

2P f

1 + f 2
,

M13 = κ + γ1
2P f

1 + f 2
+ 2γ2 P,

M14 = γ1
2P f

1 + f 2
+ γ2 P,

M21 = −γ1
P f 2

1 + f 2
− γ2

2P f

1 + f 2
,

M22 = β − β2

2
(ω2 + �2

m) + β2(ω�m + �′�m − ω�′)

− 2γ1 P − 4P f

1 + f 2
γ2,

M23 = −γ1
2P f

1 + f 2
− γ2 P,

M24 = −κ − γ1
2P f

1 + f 2
− 2γ2 P,

M31 = κ + γ1
2P f

1 + f 2
+ 2γ2 P,

M32 = γ1
2P f

1 + f 2
+ γ2 P,

M33 = −β + β2

2
(ω2 + �2

m) + β2(ω�m − �′�m − ω�′)

+ 2γ1 P + 4P f

1 + f 2
γ2,

M34 = γ1
P

1 + f 2
+ γ2

2P f

1 + f 2
,

M41 = −γ1
2P f

1 + f 2
− γ2 P,

M42 = −κ − γ1
2P f

1 + f 2
− 2γ2 P,

M43 = −γ1
α2

1 + f 2
− γ2

2P f

1 + f 2
,

M44 = β − β2

2
(ω2 + �2

m) + β2(ω�m − �′�m + ω�′)

− 2γ1 P − 4P f

1 + f 2
γ2,

(23)

with P = α2.
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