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Almost all load bearing components usually experience variable amplitude loading (VAL) rather than
constant amplitude loading (CAL) during their service lives. A single overload cycle introduced in a con-
stant amplitude fatigue loading retards fatigue crack growth and increases residual fatigue life. Although
many models have been proposed on this subject, but life prediction under these complex situations is
still under constant improvement. The present study aims at evaluating retardation in fatigue life due
to application of a single tensile overload spike by adopting an exponential model. The proposed model
calculates not only parameters related with overload induced retardation in fatigue crack growth, but
also residual life in case of 7020-T7 and 2024-T3 aluminum alloys with reasonable accuracy without inte-
gration of rate equation. The model also covers stage-II and stage-III of post-overload period.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Fatigue performance of structures is greatly affected by the
presence of stress raisers such as fastener holes, manufacturing er-
rors, corrosion pits, and maintenance damage which serve as
nucleation sites for fatigue cracking. During service, sub-critical
cracks nucleate from these sites and grow till catastrophic failure
(unstable crack growth) takes place when the crack length reaches
a critical dimension. From economic point of view a costly compo-
nent cannot be retired from service simply on detecting a fatigue
crack. Hence, reliable estimation of fatigue crack propagation and
residual life prediction are essential so that the component can
be timely serviced or replaced. Many load bearing structural com-
ponents experience variable amplitude loading during the length
of service. The assessment of fatigue life of structural components
subjected to these transient effects becomes complicated due to
lack of reliable methodology. Variable amplitude loading involves
load interaction effects and significantly affects the fatigue crack
growth and consequently the fatigue life leading to either retarda-
tion (an overload tensile in nature) or acceleration (an under load
compressive in nature) or reduction in retardation (an overload fol-
lowed by an under load).

A great deal of scientific and academic investigation has been
focused in the literature on fatigue crack growth retardation result-
ing from single and multiple overloads. The demand for longer ser-
ll rights reserved.

yahoo.com (P.K. Ray).
vice life and the acceptance of pre-existing flaws (damage-tolerant
design) have encouraged the aircraft industry to enhance the fati-
gue life by giving controlled yielding (or overload) on the material
ahead of crack tip by introducing compressive residual stress [1–6].
However the micro-mechanisms governing the retardation phe-
nomena are still not well understood [7–12]. Some researchers
attributed the primary cause for overload induced retardation to
be residual plastic zone ahead of the crack tip created by the over-
load. Other causes may be crack tip blunting, crack branching, plas-
ticity induced closure and roughness induced closure. In recent
years Sadananda and Vasudevan [7] reported that closure occur-
ring behind the crack tip has limited effect on the damage process
that takes place in front of the crack. Later on several research
activities were conducted [8–13] and it is concluded that fatigue
crack growth not only depends on single crack driving forces DK
but also on maximum stress intensity factor Kmax. This leads to a
new approach called two-parameter crack driving force or the uni-
fied approach.

A number of empirical models have been developed to predict
fatigue life in case of overload induced retardation / variable ampli-
tude loading, which are divided into three main categories: the
yield zone models [14–16], crack closure models [17–21] and strip
yield models [22,23]. In addition to those there are other retarda-
tion models [24–26] based on damage accumulation and the strain
energy release rate, but each model has its own capabilities and
limitations as discussed in several literature [27,28]. Because of
the complexity, large ambiguities and disagreements, and also lack
of proper understanding of the mechanism of retardation, no
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fundamental and universally accepted model is available that
would include all the mechanisms and could be applied to all
materials. From engineering point of view, retardation models
should be calibrated by experimental data fitting as recommended

0.1. The crack growth was monitored with the help of a COD gauge
mounted on the face of the machined notch. The stress intensity
factor K was calculated using equations proposed by Brown and
Srawley [30] as follows:

Nomenclature

a crack length measured from edge of the specimen (mm)
ai crack length corresponding to the ‘ith’ step (mm)
aj crack length corresponding to the ‘jth’ step (mm)
af final crack length (mm)
aol crack length at overload (mm)
ad retarded crack length (mm)

aP
d retarded (predicted) crack length (mm)

aW
d retarded (Wheeler) crack length (mm)

aE
d retarded (experimental) crack length (mm)

A0;B0;C0 and D0 curve fitting constants in the ‘exponential model’
B plate thickness (mm)
C constant in the Paris equation
COD crack opening displacement
ðCpÞi retardation parameter
da/dN crack growth rate (mm/cycle)
(da/dN)retarded retarded crack growth rate (mm/cycle)
E modulus of elasticity (MPa)
f(g) geometrical factor
F remotely applied load (N)
Fmax maximum load of constant amplitude load cycle (N)
Fmax(ol) maximum load at overload (N)
Fmin minimum load of constant amplitude load cycle (N)
K stress intensity factor (MPa

ffiffiffiffiffi
m
p

)
KC plane stress fracture toughness (MPa

ffiffiffiffiffi
m
p

)
KIC plane strain fracture toughness (MPa

ffiffiffiffiffi
m
p

)
Kmax maximum stress intensity factor (MPa

ffiffiffiffiffi
m
p

)

KB
max maximum (base line) stress intensity factor (MPa

ffiffiffiffiffi
m
p

)
Kol stress intensity factor at overload (MPa

ffiffiffiffiffi
m
p

)
DK stress intensity factor range (MPa

ffiffiffiffiffi
m
p

)

DKeff maximum stress intensity factor (MPa
ffiffiffiffiffi
m
p

)
l dimensionless factor in the ‘exponential model’ formu-

lation
m specific growth rate
mij specific growth rate corresponding to the interval i–j
n exponent in the Paris equation
N number of cycles or fatigue life
Ni number of cycles corresponding to the ‘ith’ step
Nj number of cycles corresponding to the ‘jth’ step
Nf final number of cycles
Nd number of delay cycle

NP
d number of delay cycle (predicted)

NW
d number of delay cycle (Wheeler)

NE
d number of delay cycle (experimental)

NP
f final number of cycles (predicted)

NE
f final number of cycles (experimental)

p shaping exponent in the Wheeler model
rpi current plastic zone size corresponding to the ‘ith’ cycle

(mm)
rpo overload plastic zone size (mm)
R load ratio
Rol overload ratio
t time
w plate width (mm)
c retardation correction factor
k plastic zone correction factor
m Poison’s ratio
rys yield point stress (MPa)
rut ultimate stress (MPa)
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by Broek [29]. Therefore, for successful implementation of life pre-
diction methodologies to the design and in-service operation of
structures subjected to variable amplitude loading (CAL with
tensile overload spike), empirical models are under constant
improvement.

The prediction of life is a challenging job for the engineering
community because of two reasons. Firstly it involves a robust
integration scheme; secondly no single universal method is avail-
able as far as the different load interaction mechanisms are con-
cerned. The authors have adopted an exponential model for life
prediction under constant amplitude loading (Part I of this article).
Here the authors have taken one step ahead to predict the retarded
fatigue life due to single spike overload by using the same model.

2. Experimental procedure

This study was conducted on 7020-T7 Al-alloy and 2024-T3 Al-
alloy. The chemical composition and the mechanical properties of
the alloys are given in Tables 1 and 2 respectively. Fatigue crack
growth tests were conducted in air at room temperature on a ser-
vo-hydraulic dynamic testing machine (Instron-8502) having a
load capacity of 250 KN with a frequency of 6 Hz under constant
amplitude loading. Single-edge notched specimens used in this
study were made in the LT plane, with the loading aligned in the
longitudinal direction. The detail geometry of the specimens is
illustrated in Fig. 1.

Pre-cracking the specimens was done up to an a/w ratio of 0.3 in
mode-I loading with a sinusoidal waveform using a stress ratio of
K ¼ fðgÞ: F
ffiffiffiffiffiffi
pa
p

wB
ð1Þ

where; fðgÞ ¼ 1:12� 0:231ða=wÞ þ 10:55ða=wÞ2

� 21:72ða=wÞ3 þ 30:39ða=wÞ4 ð2Þ

The fatigue crack was allowed to grow up to an a/w ratio of 0.4
and subsequently subjected to single spike overload cycle at a
loading rate of 8 kN/min.

The specimens were subjected to mode-I overloads at different
overload ratios such as 2, 2.25, 2.35, 2.5, 2.6, and 2.75 for 7020-T7
Al-alloy and 1.5, 1.75, 2.0, 2.1, 2.25 and 2.5 for 2024-T3 Al-alloy.
The overload ratio is defined as

Rol ¼
Kol

KB
max

ð3Þ

where, KB
max is the maximum stress intensity factor for base line

test. After application of the overload the specimens were subjected
to mode-I constant amplitude load cycles.

3. Formulation of the ‘exponential model’

3.1. Description of the model

Development of the model has been discussed in Part I (through
Eqs. (5)–(13)).



The exponential equation for crack growth is written as:

aj ¼ aiemijðNj�NiÞ ð4Þ

ln aj

ai

� �

Table 1
Chemical composition of 7020-T7 and 2024-T3 Al-alloys

Matls. Al Cu Mg Mn Fe Si Zn Cr Others

7020-T7 Al-alloy Main constituent 0.05 1.2 0.43 0.37 0.22 4.6 – –
2024-T3 Al-alloy 90.7–94.7 3.8–4.9 1.2–1.8 0.3–0.9 0.5 0.5 0.25 0.1 0.15

Table 2
Mechanical properties of 7020-T7 and 2024-T3 Al-alloys

Material Tensile strength
(rut) MPa

Yield strength
(rys) MPa

Young’s modulus
(E) MPa

Poisson’s
ratio (m)

Plane strain fracture
toughness (KIC) MPa

ffiffiffiffiffi
m
p Plane stress fracture

toughness (KC) MPa
ffiffiffiffiffi
m
p Elongation

7020-T7 Al-alloy 352.14 314.7 70,000 0.33 50.12 236.8 21.54% over 40 mm GL
2024-T3 Al-alloy 469 324 73,100 0.33 37.0 95.31 19% over 12.7 mm GL

Fig. 1. Single-edge notched specimen geometry.
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Fig. 2. a-N curve for different overload ratios (7020-T7 alloy).
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mij ¼ ðNj � NiÞ
ð5Þ

where ai and aj = crack length in ith step and jth step in ‘mm’,
It may be noted that since the tests have been conducted in
plane stress condition, plane stress fracture toughness (KC) has
been used instead of plane strain fracture toughness (KIC). It is cal-
culated from plane strain fracture toughness (KIC) using an empir-

Fig. 3. a-N curve for different overload ratios (2024-T3 alloy).
respectively, Ni and Nj = no. of cycles in ith step and jth step, respec-
tively, mij = specific growth rate in the interval i–j, i = no. of experi-
mental steps, and j = i + 1.

The values of m can be calculated from crack length and number
of load cycles data. The a-N curves for various overload conditions
are presented in Figs. 2 and 3, respectively for both the materials.
The important parameter in the model is the specific growth rate
‘m’. This is correlated with two crack driving forces such as Kmax,

and DK, as well as the material parameters KC, E and rys, and is de-
fined by the equation

m ¼ A0l3 þ B0l2 þ C 0lþ D0 ð6Þ

where; l ¼ DK
KC

� �
Kmax

KC

� �
rys

E

� �� �1
4

ð7Þ
ical relation proposed by Irwin [31] as follows:

K2
C ¼ K2

ICð1þ 1:4b2
ICÞ ð8Þ

where; bIC ¼
1
B

K IC

rys

� �2

ð9Þ

The calculated values of plane stress fracture toughness are pre-

sented in Table 2. The different ‘m’ and ‘l’ values for post-overload
region are fitted by a 3rd degree polynomial. The predicted values



of ‘m’ are obtained from Eq. (6). The values of the constants A0;B0;C0

and D0 corresponding to different overloads for the two materials
are tabulated in Tables 3 and 4, respectively. Since the values of
the above constants are different for each overload ratio, they are

3.2. Significance of specific crack growth rate (m)

Each and every fatigue crack growth model developed so far at-
tempts to correlate the crack growth information with different
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Fig. 4. Variation of specific growth rate with crack length (Rol-2.35, 7020-T7 alloy).

0.00E+00

1.00E-05

2.00E-05

3.00E-05

4.00E-05

5.00E-05

6.00E-05

7.00E-05

8.00E-05

20 22 24 26 28 30 32
Crack length (a),mm

Sp
ec

ific
 g

ro
w

th
 ra

te
 (m

)

Fig. 5. Variation of specific growth rate with crack length (Rol-2.1, 2024-T3 alloy).
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again correlated with Rol by a 2nd degree polynomial with
regression coefficient (R2 value) of 0.998 for both the materials.
Eqs. (10)–(13) give the correlations for 7020-T7 Al-alloy and Eqs.
(14)–(17) give the correlations for 2024-T3 Al-alloy.

A0 ¼ ð45;168� 10�6ÞR2
ol þ ð�354; 083� 10�6ÞRol

þ ð460;905� 10�6Þ ð10Þ

B0 ¼ ð�9600:8� 10�6ÞR2
ol þ ð81;208� 10�6ÞRol

þ ð�107;645� 10�6Þ ð11Þ

C0 ¼ ð354:69� 10�6ÞR2
ol þ ð�4462:5� 10�6ÞRol þ ð6389:1� 10�6Þ

ð12Þ

D0 ¼ ð3:6904� 10�6ÞR2
ol þ ð49:842� 10�6ÞRol þ ð�90:813� 10�6Þ

ð13Þ

and

A0 ¼ ð�31;269� 10�6ÞR2
ol þ ð127;925� 10�6ÞRol

þ ð�143;543� 10�6Þ ð14Þ

B0 ¼ ð13;117� 10�6ÞR2
ol þ ð�53;849� 10�6ÞRol þ ð60;396� 10�6Þ

ð15Þ

C0 ¼ ð�1883� 10�6ÞR2
ol þ ð7761� 10�6ÞRol þ ð�8506:5� 10�6Þ

ð16Þ

D0 ¼ ð86:669� 10�6ÞR2
ol þ ð�359:11� 10�6ÞRol þ ð385:94� 10�6Þ

ð17Þ

The predicted values of m for the tested 7020-T7 Al-alloy specimen
(Rol = 2.35) and 2024-T3 Al-alloy specimen (Rol = 2.1) are calculated
by putting the values of different constants from Eqs. (10)–(17) in
Eq. (6) separately for each material. Then the predicted values of
N are calculated as per the following equation:

Nj ¼
ln aj

ai

� �
mij

þ Ni ð18Þ

Table 3
Curve fitting constants of 7020-T7 Al-alloy
Overload ratio (Rol) A0�10�6 B0�10�6 C0�10�6 D0�10�6

2.0 �68,004 16,721 �1149.9 24.582
2.25 �104,212 25,796 �1793.1 38.17
2.5 �136,870 33,690 �2398.5 52.668
2.6 �165,538 41,857 �3113.5 72.101
2.75 �166,698 41,801 �3084.1 70.865

Table 4
Curve fitting constants of 2024-T3 Al-alloy

Overload ratio (Rol) A0�10�6 B0�10�6 C0�10�6 D0�10�6

1.5 �22,226 9137.4 �1088.2 41.208
1.75 �14,173 6054.7 �709.26 25.827
2.0 �15,258 5987.1 �545.09 12.189
2.25 �11,951 4822.9 �521.37 16.77
2.5 �19,774 8027.2 �896.03 30.197
crack driving forces and several other parameters so as to predict
the residual fatigue life. In the present model this has been done
through specific crack growth rate ‘m’. Its value depends on several
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Fig. 6. Variation of specific growth rate with number of cycle (Rol-2.1, 7020-T7
alloy).



crack driving forces and material properties. According to ‘Unified
Approach’, fatigue crack growth rate not only depends on the sin-
gle crack driving force DK, but also on Kmax to take into account the
mean stress effects [8–13]. Therefore, m will depend on both DK

4.2. Comparison with ‘Wheeler model’

For determination of the various retardation parameters such as
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Fig. 7. Variation of specific growth rate with number of cycle (Rol-2.1, 2024-T3
alloy).
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Fig. 8. Comparison of predicted and experimental number of cycle (7020-T7 alloy).
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and Kmax. Further, the value of m is also influenced by the plane
stress fracture toughness (KC) of the material, the two material
parameters E and rys as well as initial crack length. Hence, the
dependence of m on these parameters is represented by the dimen-
sionless groups (DK/KC), (Kmax/KC), and (E/rys), and the relationship
is expressed through Eqs. (6) and (7).

It may be noted that m does not remain constant during a test
since its value changes with change in loading conditions (DK,
Kmax). In a constant load fatigue test, DK and Kmax increase with in-
crease in crack length and also with number of cycles. Hence the
specific growth rate m also increases with increase in crack length
and number of cycles. The variation of m with crack length and
number of cycles are shown in Figs. 4–7 respectively.

4. Validation of the proposed model

The fatigue crack growth data of 7020-T7 and 2024-T3 alumi-

num alloys (Rol = 2.35 and Rol = 2.1, respectively) were used for retarded crack length (ad) and delay cycles (Nd), it is necessary to
the validation of the proposed model. The different retardation
parameters were compared with experimental results and also
with Wheeler model to verify the accuracy of the model. The load
scenarios of the tested specimens are presented in Table 5.

4.1. Comparison with experimental results

The present model has been tested by comparing experimental
data with the predicted results for overload ratio of 2.35
(Rol = 2.35) for 7020-T7 and 2.1 (Rol = 2.1) for 2024-T3 specimens.
Figs. 8 and 9 show the experimental and predicted a-N curve for
the tested specimens. The experimental and the predicted values
of retarded crack length and delay cycle for both the cases have
been presented in Table 6. Figs. 10 and 11 show that the predicted
da/dN-DK plots do match with the experimental curves for the
tested overload ratios in both the alloys.

Table 5
Load scenarios of the tested specimens
Test sample Fmax (KN) Fmin (KN) Fmax(ol) (KN)

7020-T7 7.856 0.7856 18.462
2024-T3 7.305 0.7305 15.341
calculate the shaping exponent in Wheeler model. The Wheeler
model parameters are shown in Fig. 12. The Wheeler retardation
relation for the delay in crack growth due to a single tensile over-
load is given by:

da
dN

� �
retarded

¼ ðCpÞi½CðDKÞn� ð19Þ

where, (Cp)i is the retardation parameter and is given by

ðCpÞi ¼
rpi

½aol þ rp0 � ai�

� �p

ð20Þ

where, p = empirically determined shaping parameter, aol = crack
length at overload, and rp0 = overload plastic zone size, that can
be calculated, assuming plane stress loading using the following
expression:
Rol ai (mm) aol (mm) af (mm)

2.35 18.30 19.10 29.10
2.10 17.75 20.40 32.40



rpo ¼
1
p

Kol

rys

� �2

ð21Þ

Assuming plane stress loading conditions, the current cyclic plastic

Table 6
Experimental results of the tested specimens

Test
sample

aP
dmm aW

d mm aE
dmm %error

in aP
d

%error
in aW

d

NP
d�103

cycle
NW

d �103

cycle
NE

d�103

cycle
%error
in NP

d

%error
in NW

d

NP
f �103

cycle
NE

f �103

cycle
%error
in NP

f

7020-T7 2.10 2.20 2.13 �1.4 +3.286 29.89 29.80 30.5 �2.03 �2.32 79.46 80.82 �1.68
2024-T3 2.06 2.45 2.18 �5.5 +12.39 36.65 34.52 37.6 �2.53 �8.19 135.75 136.80 �0.77

0.00E+00

2.00E-04

4.00E-04

6.00E-04

8.00E-04

1.00E-03

1.20E-03

1.40E-03

1.60E-03

1.80E-03

9.6 11.6 13.6 15.6 17.6 19.6 21.6
Stress intensity factor range(del.K),MPa.m1/2

C
ra

ck
 g

ro
w

th
 ra

te
(d

a/
dN

),m
m

/c
yc

le

Base line
Predicted
Experimental

overload point

Fig. 10. Comparison of predicted and experimental crack growth rate (7020-T7
alloy).
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Fig. 11. Comparison of predicted and experimental crack growth rate (2024-T3
alloy).
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Fig. 12. Plastic zone size definitions used in Wheeler’s model.
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zone rpi can be calculated from the expression given below:

rpi ¼
1
p

DK
2rys

� �2

ð22Þ

The presence of a net compressive residual stress field around the
crack tip reduces the usual size of the plane stress cyclic plastic
zone size. Therefore, Ray et al. [32] introduced a plastic zone correc-
tion factor k in the expression of the instantaneous cyclic plane
stress plastic zone size in a compressive stress field.

rpi ¼ k
1
p

� �
DK

2rys

� �2

ð23Þ

Eq. (20) is now written as

ðCpÞi ¼
krpi

½aol þ rpo � ai�

� �p

¼ c
rpi

ðaol þ rpo � aiÞ

� �p

ð24Þ

where, c is a correction factor which is expressed as c ¼ kp.
The values of c; k and p calculated using Eqs. (19) and (24) are

presented in Table 7 for both the materials. Using these values, the
crack lengths and the corresponding number of cycles have been
calculated. The resulting a-N curves are presented in Figs. 13 and
14 while da/dN-DK curves are presented in Figs. 15 and 16 along
with experimental data and present exponential model for com-
parison. The different calculated retardation parameters have been

Table 7
Values of material parameters used in Paris and Wheeler model for the tested
specimens
Test sample C n k p c

7020-T7 6� 10�8 3.14763 3.5931 0.4246 1.7213
2024-T3 6� 10�8 3.270 0.7385 0.3748 0.8926
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Fig. 13. Comparison of Wheeler, predicted and experimental number of cycle
(7020-T7 alloy).



given in Table 6 for the quantitative comparison of the predicted
results.

5. Summary and conclusion

data and the values obtained from Wheeler’s retardation model.
Since interactions between plastic zones are non-linear and also
significant ambiguity and disagreements still exist in terms of
the exact mechanism of retardation due to overloads, some general
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Fig. 16. Comparison of Wheeler, predicted and experimental crack growth rate
(2024-T3 alloy).
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Fig. 14. Comparison of Wheeler, predicted and experimental number of cycle
(2024-T3 alloy).
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Fig. 15. Comparison of Wheeler, predicted and experimental crack growth rate
(7020-T7 alloy).
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An ‘exponential model’ has been proposed for the prediction of
crack growth behavior and various retardation parameters in case
of single overload spike induced constant amplitude loading condi-
tion. The predicted results are compared with the experimental
rules should be approximated in the quantification of the transient
effects and hence in life prediction [27]. Although the present mod-
el, in its current form, does not invoke any dominant physical
mechanisms leading to retardation of propagating fatigue cracks,
but its validation comparisons confirm that the model’s accuracy
is satisfactory.

The following are concluded from the above discussions:

1. Exponential model of the form aj ¼ aiemijðNj�NiÞ can be effectively
used to determine the retardation parameters ‘ad’ and ‘Nd’ as
well as residual fatigue life with reasonable accuracy.

2. The value of m increases with crack extension and number of
cycles.

3. In the retardation zone the intrinsic growth rate ‘m’ is a function
of loading parameters defined by DK and Kmax, the material
parameters KC, E and rys, the overload ratios (Rol) as well as ini-
tial crack length.

4. The intrinsic growth rate m can be represented by an equation

of the form m ¼ A0l3 þ B0l2 þ C0lþ D0 where, l ¼ ½ðDK
KC
ÞðKmax

KC
Þðrys

E Þ�
1
4

and A0;B0;C0 and D0 are functions of overload ratios (Rol).
5. Percent errors for the retardation parameters and the cyclic fati-

gue life predicted by the above model are within reasonable
accuracy in comparison to both experimental results and
Wheeler’s model.
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