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Exploding Julia sets in the Dynamics offλ(z) = λJ1(iz)/iz
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Abstract— In the present paper, we study the dynamics of the one
parameter family of entire functions {fλ(z) = λf(z) : f(z) =
J1(iz)/iz for z ∈ C and λ is a non-zero real number} where J1(z) is
the Bessel function of the first kind of order one. We have found a critical
parameter λ∗ ≈ 2.598 and show that the Julia set offλ is a nowhere dense
subset of the complex planeC for 0 < |λ| ≤ λ∗ and is equal to extended
complex planeĈ = C∪{∞} for |λ| > λ∗. This sudden change in the Julia
sets is known asexplosionin the Julia sets orchaotic burstin the dynamics.
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I. I NTRODUCTION

A dynamical system is a physical setting together with rules
for how the setting changes or evolves from one moment of time
to the next or from one stage to the next. A basic goal of the
mathematical theory of dynamical systems is to determine or
characterize the long term behavior of the system. The sim-
plest model of a dynamical process supposes that(n + 1)-th
state,zn+1 can be determined solely from the knowledge of the
previous statezn, that iszn+1 = f(zn) wheref is a function.
These systems are called Discrete Dynamical Systems. We shall
deal with one such systems, namelyComplex Dynamical Sys-
tem where the the functionf is a complex valued function of
one complex variable.

In the study ofComplex Dynamical Systems, the evolution of
the system is realized by the iterations of entire complex func-
tionsf : C→ C. Entire functions are functions that are analytic
everywhere inC. For a pointz0 ∈ Ĉ = C

⋃{∞}, the sequence
of iterates ofz0 (or orbit of z0) is given byz0 = f0(z0), z1 =
f(z0), z2 = f(z1) = f(f(z0)) andzn = f(zn−1) = fn(z0) for
n ≥ 3 wherefn is then-th iterate off . The complex dynamics
problem is to study the long term behavior of the sequence of
iterates ofz0 for any given initial pointz0 in Ĉ. The set of all
points inĈ whose sequences of iterates exhibit stable behavior
is called the Fatou set and the set of all points inĈ whose se-
quences of iterates exhibit unstable or chaotic behavior is called
the Julia set. The following two definitions give a precise math-
ematical meaning to this idea.

Definition I.1: A family T of analytic functions defined in a
domainD ⊆ C is said to be normal at a pointz0 ∈ D if every
sequence extracted fromT has a subsequence which converges
uniformly either to a bounded function or to∞ on each compact
subset of some neighborhood ofz0.

Definition I.2: The Fatou setof an entire functionf(z), is
denoted byF(f), is defined as
F(f) = {z ∈ Ĉ : the sequence of iterates{fn} is normal atz}
The complement of the Fatou setF(f) in the extended complex
planeĈ is known as theJulia setof f and is denoted byJ(f).
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The point at∞ is always in the Julia set since it is an essential
singularity for whichf can not be defined there.
The Fatou set of a function is open by definition. The Julia set
is always a non empty and perfect set. Also the interior of the
Julia set is empty, unless it is whole ofĈ [2].

The dynamics of a function is effectuated basically by the
periodic points of the function. The definition and the nature of
the periodic points are given below.

Definition I.3: A point z is called ap-periodic point off if
p is the smallest natural number such thatfp(z) = z. If p =
1, z is called a fixed point. Ap-periodic pointz is said to be
attracting, indifferent or repelling if|(fp)′(z)| < 1, = 1 or > 1
respectively. Further, an indifferentp-periodic point is called
rationally (irrationally) indifferent if(fp)′(z) = ei2πt wheret
is rational (irrational). A rationally indifferent periodic point is
also called parabolic periodic point.

A Fatou component is a maximal connected open subset of
F(f). A componentU0 of F(f) is p-periodic ifp is the smallest
natural number such thatfp(U0) ⊆ U0. The set{U0, U1 =
f(U0), U2 = f2(U0), · · · , Up−1 = fp−1(U)} is called ap-
periodic cycle of Fatou components. IfU is a Fatou component
such thatfp(U)

⋂
fq(U) = ∅ for all natural numbersp andq,

thenU is called a wandering domain.
The classification of periodic Fatou components for transcen-

dental entire functions is given below (See also: [2]).
Suppose thatU is ap-periodic Fatou component. Then exactly
one of the following possibilities occur.
1. Attracting Basin: If for all points z in U , limn→∞ fnp(z) =
z∗ wherez∗ is an attractingp-periodic point lying inU , then the
componentU is called an attracting basin.
2. Parabolic domain: In this case∂U (the boundary ofU )
contains a rationally indifferentp-periodic pointz∗. Further
limn→∞ fnp(z) = z∗ for all z ∈ U .
3. Baker Domain: If for all points z ∈ U , limn→∞ fnp(z) =
∞ then the Fatou componentU is called a Baker domain.
4. Rotational Domain: A Fatou componentU is said to be a
rotational domain if there exists an analytic homeomorphismφ :
U → D such thatφ(fp(φ−1(z))) = ei2παz for some irrational
numberα whereD is either the unit disc or an annulus{z : 0 <
r < |z| < 1}. In the first case,U is called Siegel disk and in the
second case Herman ring. Entire functions do not have Herman
rings [2]. Siegel disk is simply connected.
Besides periodic points, the singular values and its forward or-
bits play an important role in determining the dynamics of a
function.

Definition I.4: A point z is a critical point off if f ′(z) = 0.
The value of the functionf at z, w = f(z) is called the criti-
cal value off . A point w is called an asymptotic value off if
there exists a continuous curveγ(t) : (0,∞) → C such that
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limt→∞ γ(t) = ∞ and limt→∞ f(γ(t)) = w. All the critical
and asymptotic values of a function are known as singular val-
ues. The set of all singular values of a functionf is denoted by
Sf .
The set of all forward orbits of all singular values is denoted
by O+(Sf ) and is given by{fn(w) : w ∈ Sf and n =
0, 1, 2, · · · }. The relation between the setO+(Sf ) and the
periodic Fatou components off is summarized in the following
theorem.

Theorem I.1: [2] Let f be an entire function and
C = {U0, U1, · · · , Up−1} be ap-periodic cycle of compo-
nents ofF(f).
1. If C is a cycle of attracting basins or parabolic domains, then
there exists a natural numberj with j ∈ {0, 1, · · · , p − 1}
such thatUj

⋂
Sf 6= ∅.

2. If C is a cycle of rotational domains then∂Uj ⊂ O+(Sf ) for
all j ∈ {0, 1, · · · , p− 1}.

In recent years, the dynamics of transcendental entire func-
tions has been studied by many researchers. While studying
the dynamics of one parameter familyE ≡ {λez : λ >
0}, Devaney and coworkers [5] observed that the Julia set of
λez is a nowhere dense subset of extended complex plane for
0 < λ < 1/e, where as it becomes the whole of the extended
complex plane forλ > 1/e. This sudden change in the Ju-
lia sets is known asexplosionin the Julia sets orchaotic burst
in the dynamics of one parameter familyE. Similar chaotic
bursts are exhibited for the family{fλ(z) = λ ez−1

z : λ >
0} by Kapoor and Prasad [9] and for the family{fλ(z) =
λsinh(z)

z : λ is a non zero real parameter} by Prasad [7].
In the present paper, we study the dynamics of the one pa-

rameter family of entire functions{fλ(z) = λf(z) : f(z) =
J1(iz)/iz for z ∈ C and λ is a non-zero real number} where
J1(z) is the Bessel function of the first kind of order one given

by J1(z) =
∑∞

k=0
(−1)k

k! (k+1)!

(
z
2

)2k+1
for z ∈ C. We remark that

f(z) = J1(iz)
iz = z−1I1(z) whereI1(z) denotes the modified

Bessel function of first kind and order one. Clearly

f(z) =
J1(iz)

iz
=

∞∑

k=0

z2k

22k+1 k! (k + 1)!
for z ∈ C

is an entire function.

II. DYNAMICS OF fλ

Let B ≡ {fλ(z) = λf(z) : f(z) =
J1(iz)

iz
for z ∈ C and

λ is a non-zero real number}.
For fλ ∈ B, observe thatfλ(−z) = fλ(z). So,

f−λ(z) = −fλ(z) = −fλ(−z) for all z ∈ C. Conse-
quently, fn

−λ(z) = −fn
λ (−z) for all z ∈ C and n ∈ N,

and dynamics offλ andf−λ are essentially same. The func-
tions fλ and f−λ are called conformally conjugate. So, it is
sufficient to study the dynamics of the one parameter family

B+ ≡ {fλ(z) = λf(z) : f(z) =
J1(iz)

iz
for z ∈ C and

λ > 0}.
We first prove that the functionfλ has infinitely many singu-

lar values in Proposition II.1. The existence and nature of the
fixed points forfλ is proved in Theorem II.1. Non-existence of

certain type of periodic components in Fatou set offλ is estab-
lished in Propositions II.2 and II.3. Finally, a complete picture
of the dynamics of the functionsfλ is presented.

A. Singular values offλ

The following proposition locates all singular values offλ ∈
B+.

Proposition II.1: Let fλ ∈ B+. Then,fλ has infinitely many
singular values all lying in a bounded set ofR.

Proof: We first observe thatf ′λ(z) = −λi J2(iz)
(iz) where

J2(z) is the Bessel function of the first kind of order two [4].
The critical points offλ(z) are the solutions ofJ2(iz) = 0 and
these are infinitely many purely imaginary numbers [4]. They
form an unbounded sequence asJ2(iz) is entire. Let these
be arranged in an increasing sequence in magnitude, namely,
{zk = ixk} wherexk ∈ R for all k ∈ N. Now, the crit-
ical value corresponding to the critical pointzk is given by
fλ(zk) = fλ(ixk) = λJ1(−xk)

(−xk) which is a real number. Since
limk→∞ fλ(zk) = 0 [4] andfλ(zk) 6= 0 for all k, there are in-
finitely many critical values offλ. SinceJ1(x)

x is bounded onR,
all the critical values lie in an bounded interval inR.

It is easy to show that the order (which measures the growth
of maximum modulus) [8] of the entire functionfλ(z) is one.
By Ahlfors-Denjoy theorem [1], it follows thatfλ has at most
two finite asymptotic values. The functionfλ tends to0 whenz
tends to∞ along the positive and the negative imaginary axis.
So,0 is an asymptotic value forfλ. If a 6= 0 is an asymptotic
value off , then−a andā will be also asymptotic values since
fλ(z) = fλ(−z) andfλ(z̄) = fλ(z). This is not possible by
Ahlfors-Denjoy theorem [1]. Therefore,fλ has only one finite
asymptotic value, namely,0. This completes the proof.

B. Real Periodic Points offλ

In this subsection, the existence and nature of real periodic
points offλ is studied. The functionf(x) = J1(ix)/(ix) takes
the positive values for allx ∈ R. It gives that, all the real pe-
riodic points offλ(x) lie on the positive real axis. Supposex0

is a real periodic point such thatfp
λ(x0) = x0 for somep ≥ 1.

Sincef ′λ(x) > 0 for x > 0, fp
λ(x0) = x0 is not possible for

p > 1. Therefore, any real periodic point offλ is a fixed point.
Consider the functionφ(x) = f(x) − xf ′(x) for x > 0. As

φ′(x) = −xf ′′(x) < 0 for all x > 0, φ(x) is decreasing for
x > 0. Using the intermediate value theorem and the facts that
φ(0) = f(0) > 0 and limx→∞ φ(x) = −∞, we get a unique
pointx∗ > 0 such that

φ(x)





> 0 for 0 ≤ x < x∗

= 0 for x = x∗

< 0 for x > x∗

Throughout this paper, we denoteλ∗ by 1
f ′(x∗) wherex∗ is

the unique positive real root ofφ(x) = f(x) − xf ′(x) = 0.
Note that0 < λ∗ < 1

f ′(0) , sincex∗ > 0 and 1
f ′(x) is decreasing

in R+. Numerically it is found thatλ∗ ≈ 2.598.
The following theorem describes the existence and nature of

the real fixed points offλ for λ > 0.
Theorem II.1:Let fλ(x) = λJ1(ix)/(ix) for x ∈ R where

λ > 0. Then,
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1. For 0 < λ < λ∗, the functionfλ has only two real fixed
pointsaλ andrλ (say) with0 < aλ < rλ whereaλ is attracting
andrλ is repelling.
2. Forλ = λ∗, the functionfλ has only one real fixed point at
x∗, and it is rationally indifferent.
3. Forλ > λ∗, the functionfλ has no real fixed point.

Proof:
Let gλ(x) = fλ(x)−x for x ∈ R. Since all the coefficients of

the Taylor series offλ about the pointz = 0 are non-negative,
the functionsfλ(x), f ′λ(x) andf ′′λ (x) are positive forx > 0.
It gives thatfλ(x) andf ′λ(x) are increasing inR+, the positive
real axis.

Suppose thatλ < 1
f ′(0) . Theng′λ(0) < 0. Since the function

g′λ(x) = f ′λ(x) − 1 is increasing inR+ and tends to+∞ as
x approaches to+∞, there exists a uniquexλ > 0 such that
g′λ(x) < 0 for x ∈ (0, xλ), g′λ(xλ) = 0 andg′λ(x) > 0 for
x ∈ (xλ, ∞). Therefore,gλ decreases in the interval[0, xλ],
attains its minimum value atxλ and then increases in the interval
(xλ, ∞). For eachλ < 1

f ′(0) there exists a unique positive real

numberxλ such thatλ = 1
f ′(xλ) .

1. If λ < λ∗, then 1
f ′(xλ) < 1

f ′(x∗) . Since 1
f ′(x) is strictly

decreasing inR+, it follows thatxλ > x∗ andφ(xλ) < φ(x∗) =
0 asφ(x) is decreasing. Sincef ′(xλ) > 0 and for that,φ(xλ)

f ′(xλ) =
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Fig. 1. Graph offλ for λ < λ∗ and the liney = x, (λ = 2).

gλ(xλ) < 0, the minimum valuegλ(xλ) = fλ(xλ) − xλ of
gλ(x) is negative. Therefore, there exist two pointsaλ andrλ

(say) withaλ < xλ < rλ such thatgλ(aλ) = 0 = gλ(rλ).
That means, the pointsaλ andrλ are the fixed points offλ(x)
(See Fig. 1). Observe thatf

′
λ(aλ) < f

′
λ(xλ) = 1 andf

′
λ(xλ) >

f
′
λ(rλ) = 1. Therefore,aλ is attracting andrλ is repelling.

2. By similar arguments as in proof of (1), we conclude that
gλ(xλ) = 0 for λ = λ∗ andxλ = x∗. As gλ(xλ) is the mini-
mum value ofgλ(x), xλ is the only zero ofgλ(x). Hencefλ(x)
has only one real fixed pointx∗ (See Fig. 2) and it is rationally
indifferent.
3. Forλ∗ < λ < 1

f ′(0) , 1
f ′(x∗) < 1

f ′(xλ) . It implies thatxλ <

x∗ and, consequently,φ(xλ) > 0. Further,gλ(x) > gλ(xλ) = 0
for all x > 0. Therefore, there is no real fixed point offλ(x)
for 1

f ′(0) > λ > λ∗. For λ ≥ 1
f ′(0) , g′λ(0) ≥ 0 andgλ(x) >

gλ(0) ≥ 0 for all x > 0 asgλ is increasing in positive real axis.
Sofλ has no fixed point inR (See Fig. 3).
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Fig. 2. Graph offλ for λ = λ∗ ≈ 2.598 and the liney = x.
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Fig. 3. Graph offλ for λ > λ∗ and the liney = x, (λ = 2.8).

C. Fatou Components offλ

We show in this subsection that the Fatou set offλ does not
contain certain kinds of Fatou components.

Proposition II.2: Let fλ ∈ B+. Then, the Fatou setF(fλ)
does not contain any Siegel disk.

Proof: As λ > 0, fλ(x) > 0 for all x ∈ R. By Proposi-
tion II.1, the set of all singular values offλ is contained inR+.
Consequently, the forward orbits of all singular valuesO+(Sfλ

)
is also contained inR+.

Let U be a Siegel disk in the Fatou set offλ. Thenfλ is a
bijection onU by definition. It follows from Picard’s theorem
that, there are infinitely many pre-periodic components inF(fλ)
each of which is equal tof−k

λ (U) for somek ∈ N. It is known
from Theorem I.1 thatO+(Sfλ

) is dense in∂U , the boundary
of U . So∂U is contained inR+. But this is not possible since
U is simply connected. Therefore, the Fatou set offλ for λ > 0
does not contain a Siegel disk.
Now, we prove non-existence of Baker domains and wandering
domains forfλ ∈ B+.

Proposition II.3: Let fλ ∈ B+. Then,F(fλ) contains neither
wandering domain nor Baker domain.

Proof: Let on contrary,W be a wandering domain offλ.
It is already shown that any real number tends either to a non
repelling (attracting or parabolic) real fixed point or to∞ under
iteration of fλ. It is known that for a wandering domainW
of an entire functionf , every limit function of{fn(z)}n>0 for
z ∈ W is in Julia set and is a limit point ofO+(Sf ) (∞ can
well be such a limit point) [3]. Letz ∈ W and{fnk

λ (z)}k>0
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converges toz0. Then,z0 is a real number and in Julia set. Being
a limit point of the set{fn

λ (z)}n>0, z ∈ W ⊂ F(fλ), z0 can
not be a repelling fixed point. Therefore,z0 is not a fixed point
of fλ and, hencelimm→∞ fm(z0) = ∞ as fλ is increasing
in the positive real axis. By continuity offλ, it follows that
limk→∞ fnk+m(z) = fm(z0). Sincelimk→∞ fnk+m(z) =
fm(z0) andlimm→∞ fm(z0) = ∞, we can find a subsequence
{fmk

λ (z)}k>0 of {fn
λ (z)}n>0 such thatlimk→∞ fmk

λ (z) = ∞.
Using logarithmic change of variable, it has been proved that,

if f is an entire function and the set of all its singular values
is bounded then the sequence of iterates{fn(z)}n>0 can not
converge to∞ for any z in the Fatou set off [6]. From the
proof of this result, we can show that the above result is true for
any subsequence{fmk

λ (z)}k>0. It contradicts the conclusion
made in the previous paragraph. Therefore,fλ has no wandering
domain.

Non-existence of Baker domains of any period follows from
the fact that no subsequence of{fn

λ (z)}n>0 can converge to∞
for anyz ∈ F(fλ) [6].

D. Fatou and Julia sets offλ

In this subsection, the dynamics offλ(z) for z ∈ C is de-
scribed for each non zero real numberλ.

Theorem II.2:Let fλ ∈ B+. Then,
1. For0 < λ < λ∗, the Fatou setF(fλ) is equal to the attracting
basinA(aλ) of the real attracting fixed pointaλ.
2. For λ = λ∗, the Fatou setF(fλ) is equal to the parabolic
domainP (x∗) corresponding to the real rationally indifferent
fixed pointx∗.
3. Forλ > λ∗, the Fatou setF(fλ) is empty.

Proof: The Fatou set offλ does not contain any Siegel
disk, Baker domain or wandering domain by Propositions II.2
and II.3. So, every periodic Fatou component is an attracting
basin or parabolic domain. All the singular values offλ and
their forward orbits lie in the real axis. If there is a periodic
attracting basin or parabolic domainU , say corresponding to a
non-real periodic point then there is a singular valuew of fλ

in U by Theorem I.1. In that casefn
λ (w) must be non-real for

sufficiently largen which is not possible. So, any periodic Fatou
component corresponds only to a real attracting or a parabolic
periodic point. Further, it is shown that any real periodic point
of fλ is a fixed point.
1. By Theorem II.1(1),fλ has only two real fixed points namely
aλ andrλ. Let A(aλ) = {z ∈ C : fn

λ (z) → aλ as n →
∞} be the attracting basin of the real attracting fixed pointaλ.
Since there are no other attracting or parabolic real fixed points,
F(fλ) = A(aλ).
2. By Theorem II.1(2),fλ has only one real rationally indif-
ferent fixed pointx∗. Let P (x∗) = {z ∈ C : fn

λ (z) →
x∗ as n → ∞} be the parabolic domain corresponding to the
real rationally indifferent fixed point. Since there are no other
attracting or parabolic real fixed points,F(fλ) = P (x∗) for
λ = λ∗.
3. By Theorem II.1(3),fλ has no real fixed point. SoF(fλ) =
∅.

The following result gives an algorithm to computationally
generate the pictures of the Julia sets offλ.

Corollary II.1: Let fλ ∈ B+. Then,
1. For 0 < λ < λ∗, the Julia setJ(fλ) is equal to the com-
plement of the attracting basinA(aλ) of the real attracting fixed
pointaλ.
2. Forλ = λ∗, the Julia setJ(fλ) is equal to the complement of
the parabolic basinP (x∗) of the real rationally indifferent fixed
pointx∗.
3. Forλ > λ∗, the Julia setJ(fλ) = Ĉ.

The following theorem is an easy consequence of Theo-
rem II.2 and the conformal conjugacy betweenfλ andf−λ.

Theorem II.3:Let λ < 0. Then,
1. For−λ∗ < λ < 0, the Fatou setF(fλ) is equal to the attract-
ing basinA(−aλ) of the real attracting fixed point−aλ.
2. Forλ = −λ∗, the Fatou setF(fλ) is equal to the parabolic
basinP (−x∗) of the real rationally indifferent fixed point−x∗.
3. Forλ < −λ∗, the Fatou setF(fλ) is empty.

Corollary II.2: Let λ < 0. Then,
1. For−λ∗ < λ < 0, the Julia setJ(fλ) is equal to the comple-
ment of the attracting basinA(−aλ) of the real attracting fixed
point−aλ.
2. Forλ = −λ∗, the Julia setJ(fλ) is equal to the complement
of the parabolic basinP (−x∗) of the real rationally indifferent
fixed point−x∗.
3. Forλ < −λ∗, the Julia setJ(fλ) = Ĉ.

III. C ONCLUSION

In the previous section, it is proved that the Julia setJ(fλ)
is equal to the complement of either the attracting basin or the
parabolic domain for0 < |λ| ≤ λ∗. Since the Fatou set offλ

is non-empty for0 < |λ| ≤ λ∗, it follows that the Julia set of
fλ has empty interior. That is, the Julia set offλ is a nowhere
dense subset of the complex plane for0 < |λ| ≤ λ∗. If |λ|
crosses the valueλ∗, the Julia set suddenly explodes and equals
to the extended complex plane. Thus, anexplosionin the Ju-
lia sets orchaotic burstin the dynamics of the one parameter
family B ≡ {fλ(z) = λf(z) : f(z) = J1(iz)

iz for z ∈
C and λ is a non-zero real number} of entire transcendental
functions occurs at|λ| = λ∗.
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