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Abstract
The two-dimensional stagnation point flow and heat transfer
of an electrically conducting, incompressible non-Newtonian
third grade fluid is considered. The effects of viscous dissi-
pation and Joule heating on the thermal boundary layer for
the two heating processes, namely, (i) with prescribed surface
temperature and (ii) prescribed surface heat flux have been
studied in detail shown graphically with plausible physical
interpretations. A second order finite difference scheme has
been adopted to solve the resulting highly nonlinear system of
equations.
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I. INTRODUCTION

The two-dimensional flow of a fluid near a stagnation
point, known as the ’Hiemenz flow’ [1] is one of the clas-
sical problems in fluid dynamics. The classical Hiemenz
flow problem has been generalized in several manners to
include diverse physical effects due to its immense practical
applications in industries. The boundary layer flow of non-
Newtonian viscoelastic fluids near a stagnation point has
attracted considerable attention since the classical work of
Beard and Walters [2]. Garg and Rajagopal [3] have studied the
two-dimensional stagnation point flow of a second grade fluid
by using various effective numerical techniques. Massoudi and
Ramezan [4] have considered the heat transfer in the boundary
layer stagnation point flow of a second grade fluid with
arbitrary power-law surface temperature variation, neglecting
the work done due to deformation and Joule heating. They have
reported that the absolute value of the heat transfer coefficient
at the wall (θ′(0)) decreases with an increase in the non-
Newtonian viscoelastic parameter (K), for a given Prandtl
number (Pr); and for given K, the value of θ′(0) increases
with an decrease in the Prandtl number. Garg [5] has studied
vividly the heat transfer in the two-dimensional stagnation
point flow of a second grade fluid including the viscous
dissipation in the energy equation. A power-law variation for
the wall temperature has been assumed. Results are obtained
for very high values of non-Newtonian parameter K and
Prandtl number Pr, numerically by decoupling the velocity
and the temperature fields.

Although extensive existing investigations of second grade
fluid model exhibit normal stresses, but for steady flow it does
not describe the property of shear thinning or thickening. Some
models combine the elastic effects to that of shear thinning or

shear thickening viscosity as in the third grade model. Re-
cently, Sahoo [6] has studied the Hiemenz magnetic flow and
heat transfer of a non-Newtonian third grade fluid, neglecting
the viscous dissipation and Joule heating. The Cauchy stress
T in an incompressible homogeneous and thermodynamically
compatible fluid of grade three has the form [6], [7]:

T = −pI+ µA1 + α1A2 + α2A
2
1 + β3(trA

2
1)A1 (1)

where −p is the pressure, α1 and α2 are the normal stresses
and β3 is the material constant. A1 and A2 are the first two
Rivlin-Ericksen tensors.

Literature survey shows hardly any attention has been given
to the MHD boundary layer flow and heat transfer of a third
grade fluid near a stagnation point. The current study is an
extension of [6] with an inclusion of viscous dissipation and
Joule heating in the energy equation subject to prescribed
surface temperature (PST) and the prescribed heat flux (PHF)
boundary conditions. We found the Eckert number associated
with the dissipation and the magnetic parameter associated
with the Joule heating have significant effects on thermal
boundary layer. Moreover, the effects of the non-Newtonian
flow parameters on the skin friction coefficient are discussed
in detail.

II. FORMULATION OF THE PROBLEM

We consider the laminar flow of an electrically conducting
incompressible third grade fluid of density ρ impinging on a
plane situated at y = 0. A uniform transverse magnetic field of
strength B = (0;B0; 0) is applied at the surface of the plane
(see Fig. 1)

Introducing the similarity variables u = axϕ′(ζ), v =
−
√
aνϕ(ζ), ζ =

√
a
ν y and following Sahoo [6], the mo-

mentum equation gets reduced to

ϕ′′′ + ϕϕ′′ + 1− ϕ′2+K(2ϕ′ϕ′′′ − ϕϕiv)− (3K + 2L)ϕ′′2

+ 6βRxϕ
′′′ϕ′′2 +Mn(1− ϕ′) = 0,

(2)

where u is the horizontal component of velocity, v is the
vertical component of velocity, K = aα1

µ , L = aα2

µ , β = a2β3

µ

are the non-dimensional fluid parameters, Rx = ax2

ν is the
local Reynolds number and Mn =

σB2
0

aρ is the non-dimensional
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Fig. 1. Schematic diagram of the flow domain.

magnetic parameter, known as the Hartmann number. The
relevant boundary conditions are

ϕ = 0, ϕ′ = 0 at ζ = 0,

ϕ′ → 1 as ζ →∞. (3)

We now turn our attention to the energy equation. In the
assumption of boundary layer flow, the energy equation with
viscous dissipation, the work done due to deformation and the
Joule heating is

ρcp

(
u
∂T

∂x
+ v

∂T

∂y

)
=κ

∂2T

∂y2
+ µ

(∂u
∂y

)2
+ α1

[
u
∂u

∂y

∂2u

∂x∂y

+ v
∂u

∂y

∂2u

∂y2

]
+ 2β3

(∂u
∂y

)4
+ σB2

0u
2,

(4)

where T is the temperature, cp is the specific heat and κ is the
thermal conductivity. The boundary conditions for the energy
equation is

T = Tw at y = 0,

T → T∞ as y →∞. (5)

In order to solve the above energy equation, we consider the
following two general cases of non-isothermal temperature
boundary conditions:

A. Prescribed Surface Temperature Case (PST)

Assuming
T = Tw = T∞ +Ax2, (6)

where A is a constant, and defining

θ(ζ) =
T − T∞
Tw − T∞

, (7)

the energy equation (4) becomes

θ′′ + Pr(ϕθ
′ − 2ϕ′θ) = −PrEc

[
ϕ′′2 +Kϕ′′(ϕ′ϕ′′ − ϕϕ′′′)

+ 2βRxϕ
′′4 +Mnϕ

′2
]
,

(8)

where Pr =
µcp
κ is the Prandtl number and Ec = U2

cp(Tw−T∞)

is the Eckert number respectively. The boundary conditions (5)
in terms of the non-dimensional temperature θ is given by

θ = 1 at ζ = 0,

θ → 0 as ζ →∞. (9)

B. Prescribed Heat Flux Case (PHF)

Here the boundary conditions are of the following form:

κ
∂T

∂y
= qw = Bx2 at y = 0

T → T∞ y →∞ (10)

where B is a constant. Taking

g =
T − T∞
[ qwκ ]

(11)

we obtain

g′′ + Pr(ϕg
′ − 2ϕ′g) = −PrEc

[
ϕ′′2 +Kϕ′′(ϕ′ϕ′′ − ϕϕ′′′)

+ 2βRxϕ
′′4 +Mnϕ

′2
]
,

(12)

The appropriate boundary conditions become

g′ = −1 atζ = 0

g → 0 asζ →∞ (13)

III. NUMERICAL SOLUTION OF THE PROBLEM

The systems of highly non-linear equations (2) and (8)
( (2) and (12)) are solved under the boundary conditions (3)
and (9) ( (3) and (13)) respectively. It is clear that the order
of the systems of equations characterizing the flow and heat
transfer exceeds the adherence boundary conditions. Hence,
finding the solution of the system is far from any routine
exercise. In the present investigation, we have advocated a
second order numerical technique similar to that used in
our previous works [6], which combines the features of the
finite difference technique and the shooting method. The semi-
infinite integration domain ζ ∈ [0,∞) is replaced by a finite
domain ζ ∈ [0, ζ∞). So, there is a possibility of an error due to
the replacement of infinity by a finite value of ζ∞. Evidently,
this error is going to increase further unless the value of
ζ∞ is properly adjusted with a change in the values of the
flow parameters. In practice, ζ∞ should be chosen sufficiently
large so that the numerical solution closely approximates the
terminal boundary conditions at ζ∞. We make a reasonable
assumption, namely, that all derivatives of ϕ are bounded at
ζ = 0. This implies that the stresses and their gradients remain
bounded on the wall.



IV. RESULTS AND DISCUSSION

The effects of non-Newtonian parameters and the magnetic
parameter on the velocity components are discussed in detail
in our published work [6]. Here we will discuss mainly the
effects of non-Newtonian and magnetic parameters on the skin-
friction coefficient and the thermal boundary layer. In terms of
the dimensionless quantities, skin-friction coefficient is given
by

Cf (x) =
2√
Rx

[ϕ′′+K(3ϕ′ϕ′′−ϕϕ′′′)+2βRxϕ
′′3]ζ=0. (14)

Keeping the page limit in mind, here we have discussed
only few results. Table I shows the variations of θ′(0) and g(0)
with different flow parameters. Figs 2 and 3 depict the variation
of the non-dimensional temperature with third grade fluid
parameter β. Effects of Eckert number Ec on the temperature
profiles are shown in Figs. 4 and 5. It is interesting to see
that the temperature profile in Fig. 4 overshoots for high value
of Ec. Variation of the skin friction coefficient Cf (x) with
non-Newtonian parameters are shown in Figs. 6 and 7. Again,
it is evident that in presence of the magnetic field, the skin-
friction coefficient increases monotonically with an increase in
the shear thickening parameter β.

TABLE I. VARIATION OF θ′(0) AND g(0) WITH DIFFERENT FLOW
PARAMETERS AT Pr = 1.0 & Ec = 0.05.

K L β Mn θ′(0) g(0)

1.0 -0.726250 1.368866

2.0 -0.688223 1.444830

3.0 1.0 2.0 0.2 -0.659885 1.506982

4.0 -0.637738 1.559327

5.0 -0.619766 1.604510

1.0 -0.637738 1.559327

2.0 -0.626852 1.586751

4.0 3.0 2.0 0.2 -0.616846 1.612813

4.0 -0.607670 1.637471

5.0 -0.599254 1.660755

0.5 -0.649444 1.532337

2.5 -0.645653 1.540351

3.0 2.0 4.5 0.2 -0.641996 1.548197

6.5 -0.638536 1.555706

8.5 -0.635281 1.562839

0.1 -0.646627 1.538552

0.3 -0.657076 1.512278

2.0 3.0 4.0 0.5 -0.665745 1.490829

0.7 -0.673023 1.472989

0.9 -0.679182 1.457940

V. CONCLUSIONS

The steady, laminar two dimensional stagnation point flow
and heat transfer of an incompressible, electrically conducting
non-Newtonian third grade fluid is investigated. The resulting
system of highly nonlinear ordinary differential equations are

solved using finite difference method. It’s observed that the
non-Newtonian viscoelastic (K) and cross-viscous (L) param-
eters have substantial effects on the thermal boundary layer,
whereas the dependance of temperature on β is not pronounced
for small values of the shear thickening parameter β. The
Eckert number and the magnetic parameters have prominent
effects on the thermal boundary layer for both the PST and
PHF cases. The skin friction coefficient decreases rapidly
with an increase in the viscoelastic parameter and increases
monotonically with an increase in β.
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Fig. 2. Variation of θ with β at K = 2.0, L = 1.0,
Mn = 1.0, Pr = 1.0 & Ec = 0.01.
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Fig. 3. Variation of g with β at K = 2.0, L =
2.0,Mn = 0.1, Pr = 1.0, Ec = 0.01.
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Fig. 4. Variation of θ with Ec at K = 2.0, L =
1.0, β = 1.0, Mn = 0.1 & Pr = 1.0.
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Fig. 5. Variation of g with Ec at K = 2.0, L =
2.0, β = 1.0, Mn = 0.1 & Pr = 1.0.
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Fig. 6. Variation of Cf (x) with β at K = 2.0,
L = 1.0 & Mn = 0.1.
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Fig. 7. Variation of Cf (x) with K at L = 1.0,
β = 1.0 & Mn = 0.1.


