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Abstract—Practical environment is always endowed with high
impulsive noise in addition to Gaussian noise. Traditional methods
like least square method are very limited in their performance
for estimating the parameter of interest. To address such problem
a robust distributed block diffusion Huber algorithm is proposed
in this paper.
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I. INTRODUCTION

Distributed algorithms are employed in large geographic
area in order to reduce the burden of centralized processor
and minimize the cost of communication, thus booming the
lifetime of the sensor networks. These distributed sensors are
well equipped with computation ability, memory, processor
and trans receiver antennae [1]. Based on the mode of commu-
nication among these sensor nodes they are broadly classified
into incremental, and diffusion type. In large geographic area,
dynamically determining of proper Hamiltonian path is not
feasible, and for failure of a single sensor node the whole
network fails to achieve the desired estimation [2]. For, such
reason the diffusion mode of cooperation is given emphasized
in this paper. In diffusion mode of cooperation [2]-[5] each
of the sensor node communicates among it’s neighborhood
for estimation of the global parameter [3] following two basic
steps (1) adapt (2) combine. Based on the steps followed they
are referred as ATC (Adapt Then Combine) or CTA (Combine
Then Adapt).

In addition to Gaussian noise, the data in practical envi-
ronment are always corrupted by impulsive noise [6]. These
impulsive random noises are generated in the environment due
to electromagnetic interference, co-channel interference, node
failure, presence of non-linearities, saturation effect of sensor
nodes and are in general termed as outliers. These outliers
have a heavy tailed noise distribution for which the traditional
least square methods become much sensitive and they fail to
estimate the global parameter of interest.

So, to address such issues a robust algorithm is proposed
to work in a distributed environment using block diffusion
mode of cooperation among the sensor nodes. Implementa-
tion of diffusion algorithm in block method [7], [8] reduces
communication cost among the nodes by block size L. Robust
algorithms are broadly classified into three categories [9] a)
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L-estimator b) M-estimator ¢) R-estimator. The Huber a M-
estimator type, basically refered as maximum likelihood type
estimator under least favorable distribution. A Huber adaptive
filter [10]-[12] minimizes a Huber’s objective function which
is a hybrid of both /; and /5 norm. This adaptive filters down
weights the outliers present in data as /; norm and behaves
like a least square for rest of the signal.

Capital letters are used for matrices and small letters for
vectors and scalars. All vectors are column vectors except for
regression vectors, which are row vector throughout. L denotes
for block length of data and M denotes for filter order. The
superscript (.)7 represents the transpose of a matrix or a vector.
The notation col{...} stands for a vector obtained by stacking
the specified vectors. Similarly, we use diag{...} to denote the
(block) diagonal matrix consisting of the specified vectors or
matrices. The trace of a matrix is denoted by 7'r(.), expectation
is denoted by E[.] and ® denotes Kronecker product.

II. PROBLEM FORMULATION

Consider N number of sensor nodes in a network. The
objective of the network is to estimate the global parameter
using the sensor node data. Each node k collects a scalar
measurement y(¢) and regression data vector zj ;. Both the
input regressor and desired data in block format is given as

X = col{@p (i—1)L+1, Tl (i—1) L4 20+ - - - ) (D)

Yk,i = col {yk (Z*].) L+1, Yk (172) L+2, ...... YUk (ZL)}

with dimensions L x M and L x 1 respectively over successive
time instant ¢ > 0 and for L denotes the block size. With the
linear regression model the unknown global parameter w® of
M x 1 across all the nodes in the network is given by relation

Y = Xgw’ + vg (3)

where vy ; is the associated model noise. For the noise to
be Gaussian noise with zero mean and variance o2, the
parameter w® can be estimated by solving the minimization



problem using least square method as linear function of the
nodes in the network.
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For the presence of outliers in the desired data, the noise can
no further considered to be Gaussian for which traditional least
square methods will fail to estimate the parameter. So, there
is a need of a robust algorithm to overcome these outliers and
to better estimate the global parameter. A Huber algorithm is
a robust M-estimator that minimizes the Huber loss function.

gHuber _ ZL: p (r%i) Q)
=1

where r; is the residual error and o; is the corresponding scale
factor and L is block length. p (.) is a real-valued function that
is even and nondecreasing for positive residuals, and p (0) = 0.
For the Huber M-estimator the p function is given by
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where v is the threshold value. The p function is not strictly

convex function. The derivative % is an odd function defined
as score function ¢ (r) is given as

w(r) = { vr-sgn (r)

(6)

for |r] <~

for |r| >~ @

The weight function [‘F’ (r)/r} for Huber M-estimator is
given by
for |r] <~

forlr|>y  ®

1
= .sgn (r
{ v-sgn (1)),
Incorporating the diffusion mode of cooperation into the nodes,
we can write the local cost function at any node as

Jllcoc _ Z Cl’leHuber 9)

leny,

where, ¢; 1, is the element-wise entry of data diffusion matrix
C. By completion-of-squares argument method [3], the local
Huber cost function can be defined as

Jioe = Hw - wl“”F + residue (10)

for I, = > ¢ xR and Ry is the autocorrelation matrix of
1ERy,

node I. For p value of v |r| — 242, we take |r| = sgn (r) .r =
r.tanh (kr) for kK > 1. Upon Taylor series expansion of
hyperbolic tangent and excluding higher order terms this can
be easily analysed similar to least square method to obtain the
above equation (10). The global cost function defined as linear
sum of individual local cost function of each node

N
= Jpe (11)
=1

So, now the global cost function using (9) and (10) can be
expressed as

Z ClkJHube'r +ZH“’ wloc il (12)

leRy, £k

The presence of the term wf"c tells for every node should have
access to optimal local weight estimate, which again restricts
the idea of distributed network. So, wf"c is replaced with an
intermediate weight estimate that is available at node [ as 1!°¢.
So, now the fully distributed cost function is defined as

Jdtét Z a. kJHuber 4 Zbl kHw le (13)

lERy, 1k

for the covariance matrix taken as I} = b; ;. ps.

III. STEEPEST DESCENT APPROACH

The global parameter can be estimated iteratively using
gradient approach of steepest descent method as

Wh,i = Whim1 — Pk [V (JdiSt(wk,z'q))] (14)

with the gradient of Huber cost function is defined as
8JHube7'

b = — X[ k.i-Pk,i (7). Replacing this gradient value to
the equation (14) the overall diffusion method can be derived
[3], which is a fused form of both CTA and ATC strategies,
and is given as

Prji-1 = Z a1,k Wei—1 15)
leny,
Viyi = Prim1 + 1 Z ce-Xioni (r) (16)
leny,
wii = Y gl (17)
IENy,

for p1 is small positive block step-size and a1 1, cik, az 1 are
non-negative entries of the N x N matrices with (41, C, As)
respectively. The coefficients ay jx, cii, a2,k are zero, wherever
[ is not connected the node k is [ ¢ N, where N, denotes the
neighborhood of node k. For ATC implementation A; = [
taken and for CTA implementation As = I is taken and for
noncooperation implementation all the coefficients are taken
to be I.

The matrices (A1, C, Ag) are either left or right stochastic
ie.

ATiy =1n, A 1INy =15, Cly = 1y (18)

Following assumptions are assumed for mean stability anal-
ysis of the algorithm: (i) input is independent and identically
distributed Gaussian distribution; (ii) any two sensor nodes
spatial correlation of data is zero; (iii) the outliers present
in the system are independent of the input data and also
independent of the noise present in the system; (iv) the system
noise is independent and identically distributed with Gaussian
distribution; (v) the probability density function of noise plus
outliers data is continuous;. The initial assumption states to
consider the input regressor X, ; independent of w; ; for all
l and for j < ¢ — 1, reasonably valid for sufficiently small
step-sizes.



Defining the error vectors by subtracting from the optimal
global weight w” we have

Pri1 = — dp i1
Ui = w°’ — W (19)

~ 0
Wk,s = W™ — Wk

The adaptive equation (16) now with the error vector is now
represented as

Ui = ki1 — iy Y - X[ pui (1) (20)
leny,

Globalising all the vectors and matrices we have

1[)1- écol{@l,d}g,...,d}]\]}

W; 2 col {1y, Wy, ..., by }

&i éCOZ{Q;l;Q;%-";Q;N} Q1)
@i (1) = col{p1,i (), -, on (1)}

A .
W = diag {p) Ing, poIns, ..., Wy Inr}
XZ-T = diag (XlTJ-, . ’XIE,i)

So, equation (20) is rewritten in global format as
i =iy — ' C.X i (r) (22)

Multiplying As both sides and equating to (17), and taking
their expectation we get

Ei] = AE [@-1} [ AC.E [Hi] (23)

where, H; = XT¢; (r). Solving for E [H;] which is exactly
an expectation over {v;, X, 7, } [10] written as E(x, o, ., [Hi]
for 7, denoting Gaussian noise sequence with variance 03.

Bix,,n,) [Hi] = E{x0,) [X]0i (r)] = By [Hi]
= By [E(xn,y (X @i (0)] 0]

which gives H; ~ Ay (Ug,k) Da,kadzi,l. The parameter

(24)

are defined[10] as Ay (aik) = [ 29 exp (—%) de,

270

(67 =

[e'e) - —3/2 -

[ exp (ﬁsﬁ(gi (ﬂ)) dB, where, g; (ﬁ) =
0

(1 + QBRw,ij) and 02, = E [UZka,k’lJi7ki| + o7. The auto-

correlation matrix is given as R, = E {XkTZ—.X ;“}
Equation (23) is now rewritten as

E[w;] = AsFE [@71} — pAC. Ag (024,) Do xRSE [@71}
(25)
with these new globalising matrix
Da,k = dzag {al,kv R am,k}
DS = diag {An (02,) Dat, > Ast (02 ) Dan'}
Rf = dzag {Ra:,lv ) Ra:,N}
(26)
we rewrite (25) as

E ;] = Ay [I — W/ C.DSRS] A1E [wi—1]  (27)

E [i5;] = A3SALE [;_1] (28)

IV. CONDITION FOR MEAN STABILITY

For convergence to occur in mean the coefficient of the
matrix S must be stable, i.e. p(S) < 1. The matrix AT and
A2T are right stochastic matrices, so the matrix S is stable
whenever [I — ,u’C.DngJ is stable. With this the upper
bound of block-step-size p' to guarantee the convergence of
E (w;) to steady state value must satisfy the condition

|1 - /CDSRS| <1 (29)

0< ' < (30)

C.DGRS

which can be further written for step-size as maximum eigen
value of data at each node

2

o (g cvi (Readn (o2) Da,l))

=1

0< g < (31)

Huber’s M-estimator robust algorithm (15)-(17) is com-
pared with the traditional block diffusion algorithm defined in
[7], given as

¢k,z>1 = Z a1,1kWl -1
leny,

Vhi = Pryim1 + 1), D Clk~XEi (Y10 — X1,i-0k,i-1) (32)
1ER,
Wi = Y, a2kl
1ER,

V. SIMULATION AND RESULTS

The size of unknown global vector w” is chosen to be
m = 4 and the weights are considered to be normalized as
equals to [12,1/2,1/2,1/2]. The regressor X} ; is chosen to
be Gaussian with zero mean and unit variance. A 30dB of
measurement noise is added to each node. The block size L
is chosen to be 20, number of samples taken is 4000 and the
block step size p’ is selected to be 0.01. The threshold - is
taken to be 1 for implementing Robust Huber algorithm.

Combination of noise and outliers in the desired data

can be modeled [13] as (1 — p) 217“72 exp (— (v?/202)) +
1

P \/WQXP (f (1)2 / 204}2)) where, p is the probability of
occurrence of the outliers in the desired data which can be
obtained from the percentage of the outliers values,o? is the
variance of the noise and o/ is the ratio of variance of the out-
liers to noise variance. For simulation outliers variance taken
as 25. Implementing robust block diffusion algorithm all the
coefficients A;,C, As are chosen as A; = I, C =metropolis
and A, =relative degree. Similarly for noncooperation mode
of diffusion adaptation all the coefficients are chosen as
identity matrix (I).

Huber’s robust block diffusion algorithm is simulated on
two different types of network shown in Fig. 1 and their
simulation plots for Mean Square Deviation (MSD) is plotted
for 10% and 50% of outliers taking 50 independent experi-
ments. Overall MSD is computed by taking average over all
the experiments and all the nodes in the network.

Fig. 2 shows the overall MSD plots and the node-wise
MSD plots for 10% and 50% of outliers for network structure



Fig.
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1: A network showing (a)7 sensor node (b)20 sensor node.

of la. The plots clearly shows the Huber’s robust block dif-
fusion algorithm outperforms the traditional diffusion method.

MSD(dB)

Plot for overall MSD Plot for overall MSD

Glassical Diffusion
dlassical no-coperation Diffusion|

Classical Diffusion
peration Diffusion 5

== Huber Diffusion
Huber no-coperation Diffusion

== Huber Diffusion
Huber no-coperation Diffusion

MSD(dB)

L T et Tt R RS _as|

80 100 120 140 160 180 200
Block no.

(]

20 40 60 80 100 120 140 160 180 200 20 40 60

Block no.
(@)

Plot for MSD node-wise Plot for MSD node-wise

° classical Diffusion classical Diffusion
0 e rpaaion s 0 e raaion s
_s| —5— Huber no-coperation Diffusion & —5— Huber no-coperation Diffusion
o o
g g o——eo o —o—0—0
N S
3 3 .
= r/-e-\.e_e_e__—e—e =20
-39 35
R B B s S s
Node number Node number
(© (d)
Fig. 2: Overall MSD plots for outliers of (a)10% (b)50% and

Node-wise MSD plots for outliers of (c)10% (d)50% of the
network Fig. la.

Fig. 3 shows the overall MSD plots and the node-wise
MSD plots for 10% and 50% of outliers for network struc-

ture

of 1b. Similar to the 7 node network this 20 node

network demonstrates better steady state of the Huber’s robust
block diffusion algorithm compared to the traditional diffusion
method.

VI. CONCLUSION

From the simulation results it is clear that the traditional
method is completely outperformed by the robust Huber’s
diffusion algorithm in the presence of outliers. Condition for
mean stability of Huber’s block diffusion is derived. In both

the

network condition Huber’s method shows a better steady

state performance.
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