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ABSTRACT 

Thermal transport characteristics of combined electroosmotic and pressur-driven flow of non-Newtonian (power-law) 
nanofluids through a microchannel have been studied. Non-Newtonian fluids can influence the thermal behaviour of the 
flow by affecting the rate of heat convection and viscous dissipation. Electroosmotic phenomenon causes resistance 
heating of the fluid, called Joule heating. Joule heating becomes a note-worthy phenomenon in microscale flow 
dynamics as the thickness of the ionic charged layer or electric double layer (EDL) is only about one-tenth to one-
hundredth of the channel height. Nanofluids are known to have better heat transfer characteristics than conventional 
fluids at microscale. A complete parametric study has been carried out to investigate the effect of different flow and 
electrolytic parameters on the thermal behaviour of the flow. The governing equations have been solved semi-
analytically under constant wall heat flux condition taking into account the effects of viscous dissipation and Joule 
heating. Power-law fluids of both shear-thinning and shear-thickening nature have been considered. The governing 
equations have been solved only for hydrodynamically and thermally fully-developed flow. Three nanofluidic 
parameters have been taken into consideration, namely: viscosity, electrical permittivity and electrical resistivity. These 
parameters have been introduced as ratios with reference to the corresponding properties of a conventional fluid. 

1. INTRODUCTION 

The increasing miniaturization of electronic components has led to an increased interest in microscale heat 
transfer. The concept of integrating heat sinks into the electronic chip’s matrix is alluring but has complex 
operational and fabrication-oriented challenges. This has led to a considerable amount of research in this 
arena to simplify operation and fabrication, and to increase the effectiveness of heat transfer at the same 
time. In this work, the emphasis has been laid on flow of liquids through microchannels under constant wall 
heat flux condition taking into account the effects of viscous dissipation and Joule heating. When an 
electrolyte flows through a microtube or microchannel, the walls get charged on contact with the fluid. This 
causes a change in the ionic distribution of the fluid [1]. By applying electric field, the bulk motion of the 
ions and thus the fluid, can be achieved. This phenomenon is called electroosmosis [2]. Electroosmotic flow 
is characterized by Joule Heating which arises due the fluid electrical resistivity and the applied electric field. 
Maynes and Webb [3] were the first to consider the thermal aspects of electroosmotic flow. They analytically 
studied the convective transport for a parallel plate microchannel and circular microtube under constant heat 
flux and constant wall temperature condition for fully-developed region. Liechty et al. [4] extended this work 
for high zeta potential conditions. 
 Fluid flow through microchannel can be further assisted by the combined effect of electroosmosis and 
pressure gradient. Chen [5] studied the thermal transport characteristics of combined electroosmotic and 
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pressure driven flows taking Joule heating and temperature dependent properties into account. Sadeghi and 
Saidi [6] developed analytical solutions for mixed electroosmotic and pressure driven flows in slit 
microchannels taking viscous dissipation into consideration. 
 The study of electroosmotic flows for non-Newtonian fluids is comparatively new as is evident from the 
small number of literature available. The electroosmotic capillary transport of power-law fluids in 
rectangular microchannel has been studied by Chakraborty [7] by means of semi-analytical mathematical 
model. Zhao et al.. [8] gave an approximate analytical solution based on Debye-Hückel approximation for 
velocity profile of power law fluid in a slit microchannel. The electroviscous effects of pressure driven 
power law fluids in through circular microtube for fully-developed flow conditions has been numerically 
investigated by Bharti et al. [9]. Vasu and De [10] studied the electrokinetic effects in steady, fully-
developed pressure driven flow of power law fluids using Debye-Hückel approximation for slit 
microchannels. Numerical investigation of combined flow of power law fluids in slit microchannel was 
carried out by Babie et al. [11]. Das and Chakraborty [12] were the first to analyze the thermal transport 
characteristics of electroosmotic flow of power law fluids. Sadeghi et al. [13] and Chen [14] provided the 
temperature profile and Nusselt number associated with electro-osmotic flow of non-Newtonian power law 
fluids based on Debye Hückel linearization. They used two different approaches for the same. Babaie et al. 
[15] conducted a complete parametric study to analyse the effects of flow behavior index, velocity scale 
ratio, dimensionless Debye Hückel parameter, Joule heating and viscous dissipation parameters on the 
thermal features of mixed electroosmotic and pressure driven flow of power law fluids. 
 The trend for using stable suspension of nano-particles in a fluid medium is growing. Known as 
nanofluids, these suspensions possess high effective transport coefficients owing to random movement of 
nano-particles, molecular level layering of liquids at liquid-particle interfaces, ballistic phonon transport 
through particles and nano particle clustering [16-17]. Hung [18] analyzed the forced convection of nano-
fluids with viscous dissipation in microchannels. Jang and Choi [19] investigated the cooling performance of 
microchannel heat sinks with nanofluids, by employing a model for thermal conductivity that is influenced 
by Brownian motion of the nanoparticles. Chakraborty and Roy [20] investigated the cooling performance of 
thermally developing electroosmotic flow of nanofluid without considering imposed pressure gradients. 
 The current work is an extension of the work of Babaie et al. [15] to determine the heat transfer 
characteristics of mixed pressure and electroosmotically driven flow for power law electrolyte based 
nanofluids in the fully-developed region. It has been shown that the changes in heat transfer can be 
visualized by inclusion of ratios of permittivity, viscosity and resistivity of the fluid to that of the nanofluid. 

2. MATHEMATICAL FORMULATION 

In the present study, the flow of non-Newtonian (power law) electrolytic nanofluid is considered for 
hydrodynamically and thermally developed conditions. The flow occurs under combined action of 
electroosmotic force and pressure gradient. The channel is in horizontal configuration with its height being 
2H. The channel width is considered to be much larger than the channel height. It is assumed that the charge 
in the EDL follows the Boltzmann distribution, which happens in the case of fully dissociated symmetric 
salt. The electric potential distribution is found by solving Poisson’s equation [21]: 

 (1) 

Here  is the net electric charge density and is the fluid electric permittivity. The potential  is a 
combination of externally imposed field and the potential in the EDL. For an ideal solution of fully 
dissociated symmetric salt, the electric charge density is given by [21] 

 (2) 
where  is the number ion concentration of neutral liquid, e is the charge of proton, z is the valence number 
of ions in the solution, kB is the Boltzmann constant and T is the absolute temperature at a particular location.  
 
In a fully-developed flow, EDL potential varies only in y-direction and external potential varies only in 
x-direction. So Eq.(1) becomes 

 (3) 

Since for electrokinetic effects on flow through a microchannel, the temperature distribution does not affect 
the potential distribution much [22], the potential field and charge density can be calculated on the basis of 
an average temperature. 
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 (4) 

In the non-dimensional form, the Eq.(4) becomes 
 (5) 

where  ,   and   is called the Debye length, denoted by . The subscript f 

denotes that it is specific to the base fluid alone. The dimensionless Debye-Hückel parameter can be defined 
as  So Eq. (5) becomes 

 (6) 

The boundary conditions applicable are 
   (7) 

where  is the dimensionless zeta potential. 
It is assumed that the insertion of nanoparticles into the fluid has no effect on the electric double layer, nor 
has any interaction with it. 
The flow field of the non-Newtonian electrolyte based nanofluid is governed by continuity and Cauchy 
momentum equations. The continuity equation in the reduced form considering steady, incompressible and 
fully-developed flow is 

 (8) 
This is because, in fully-developed condition u is a function of y alone and velocity in the y-direction is 
considered to be zero. The Cauchy momentum equation in the x-direction for a laminar flow becomes 

 (9) 
V is the velocity vector, p the applied pressure gradient,  the stress tensor and F is the body force. Here, the 
body force is due to the applied electric field and is given by  , where Ex= ̶ dΦ/dx is the electric field 
acting in the x-direction. The body force also is assumed to act only in the x-direction as the electric field is 
assumed to act in that direction only. Since velocity variation is in y-direction alone, the stress tensor 
becomes  , where μ is the effective viscosity and given by 

 (10) 

where  is the consistency index, and n is the flow behavior index. n < 1 for shear thinning fluids, n = 1 for 
Newtonian fluids and n < 1 for shear thickening fluids. 
 
Applying the expressions for the terms of the momentum equation as obtained above, Eq.(9) becomes 

 (11) 

To non-dimensionalize the above equation, a reference velocity has to be considered. The Helmholtz-
Smoluchowski electroosmotic velocity uHS has been taken as the reference velocity, which is given by 

 (12) 

and uHS is the maximum possible electroosmotic velocity that can obtained when Debye-Hückel linearization 
is applied.  
The nanofluid dependant properties εnf and μnf can be separated out and uHS can be expressed in terms of uHSf 
as 

 (13) 

Another velocity uPD is considered which is the maximum velocity of pressure driven flow without 
electrokinetic effect. 

 (14) 
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The non-dimensional velocity u* is given by u*=u/uHS. By differentiating and reducing, the left hand side of 

Eq.(11) can be converted to the form  where . Therefore, the dimensionless 
momentum equation becomes 

 (15) 

where  

The boundary conditions are 
 (16) 

The energy equation is written as 
 (17) 

where  is the heat generation due to viscous dissipation and s is the Joule heating term given by Ex
2/σ 

where σ is the liquid resistivity given by  where  is the electrical resistivity of neutral 

liquid. 
The energy equation then becomes 

 (18) 
Let θ be the non-dimensional temperature defined as 

 (19) 

where Tw is the wall temperature and q is the wall heat flux. 
For a constant heat flux condition, 

 (20) 
so the axial conduction term disappears. 
For steady fully-developed flow of power law nanofluid, Eq. (17) can finally be written as 

 (21) 

   (22) 

The boundary conditions are 
 (23) 

The heat transfer rates are expressed in the form of Nusselt number which can be reduced to 
 (24) 

where  is the bulk mean temperature of the fluid. 
 
Equations (6), (15) and (21) are solved numerically using the tri-diagonal matrix algorithm. Central 
difference scheme is applied to the equations. 

 (25) 

 (26) 

 (27) 
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   and Ni
g change the non-linear system of governing equations into linear system of difference 

equations. These values are set after each iteration till the error obtained of the order of 10 ̶ 8. To evaluate the 
integrals Trapezoidal method is used. 

3.    RESULTS AND DISCUSSION 

It was seen that the nanofluid behavior can be accounted for by changing three ratios, namely: viscosity ratio, 
; permittivity ratio, ; and resistivity ratio, . The subscript f indicates base fluid and nf denotes 

nanofluid. However, the three ratios  do not affect the heat transfer in the same manner. Figure 

(1), (2) and (3) show the effect of the individual ratio (by setting the other two ratios equal to 1) on the 
temperature profile for Newtonian (n=1), shear thickening (n>1) and shear thinning fluids (n<1) respectively. 
It is seen that each particular ratio reduces the dimensionless temperature difference between the wall and 
centerline in the fully-developed state in all the three cases. Besides, the effect of the resistivity ratio and 
viscosity ratio becomes dominant for n = 1, while for the other two cases, the permittivity ratio dominates. 
 The effect of the change in viscosity ratio on the Nusselt number is shown in Fig. (4) for three different 
flow behavior index, n, keeping the permittivity and resistivity ratios as unity. Viscosity ratio affects only the 
temperature profile in the order of  and has no effect on the velocity and EDL profile. It can be seen that as 
the Nusselt number decreases with decreasing viscosity ratio. Most nanofluids have a viscosity higher than 
that of the base fluid. So the increase in nanofluid viscosity due to increased particle concentration, has a 
tendency to reduce the effective heat transfer. For n=1, the exponential order for the viscosity ratio becomes 
unity and a straight line is obtained. However, for n=0.5, the viscosity ratio gets squared and the variation of 
Nusselt number with viscosity ratio becomes parabolic. 
 Figure (5) illustrates the effect of the ratio of permittivity on the Nusselt number at different flow 
behavior index. Permittivity ratio affects all the three governing equations, occurring in the order of 1 in the 
equation for the EDL profile, of 1 in the pressure component of the velocity profile, of  in the 

electroosmotic component and in the order of  in the temperature profile. It is seen that there is a rapid 
initial decrease in Nusselt number and then the curve flattens out with increase in the permittivity ratio when 
n=0.5. For n=1 and n=1.2, the curves are close to one another. This shows the effect of permittivity ratio is 
maximum in case of shear thinning liquids. 
 In Fig. (6), the effect of resistivity ratio on Nusselt number has been plotted. Resistivity of the nanofluid 
is less than that of the base fluid in most cases, and hence, analysis was conducted for the resistivity ratio 
ranging from 1 to 2. Like the viscosity ratio, the resistivity ratio affects only the energy equation. It is 
observed that there is a considerable increase in Nusselt number with increasing the resistivity ratio in all the 
three cases. It is also seen that the slope of the curves become steeper with increase in n. 
 The analyses were also carried out by neglecting the viscous dissipation. The results obtained are shown 
in Fig. (7) and (8). When viscous dissipation is not considered, the variation in Nusselt number due to 
permittivity and resistivity ratios are very different from those obtained by considering viscous dissipation. 
Hence it can be seen that both Joule heating and viscous dissipation exert considerable influence on the heat 
transfer behaviour. 
 Taking a particular case of a nanofluid, where , the analysis was carried out 

to see how it affects the Nusselt number. The values of S, Sv, ζ, Γ and K were taken as found in the work by 
Babaie et al. [15]. The results for base fluid can be obtained by setting the three ratios equal to 1. The results 
have been tabulated in Tables (1) through (3). Figure (9) illustrates the effect of the nanofluid on the 
variation of Nusselt number with n for various values of Γ. In all the cases, an increase in Nusselt number 
was observed. 
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Figure 1: Effect of the individual ratios on the temperature profile for n=1 

 
 

 
Figure 2: Effect of the individual ratios on the temperature profile for n=1.2 

 

 
Figure 3: Effect of the individual ratios on the temperature profile for n=0.5 
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Figure 4: Variation of Nu with viscosity ratio with   

 
Figure 5: Variation of Nu with permittivity ratio keeping ratio of viscosity,  , and ratio of resistivity, , as 1 

 
Figure 6: Variation of Nu with resistivity ratio with viscous dissipation with  
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Figure 7: Variation of Nu with permittivity ratio without considering the effects of viscous dissipation 

   

 
Figure 8: Variation of Nu with resistivity ratio with no viscous dissipation with  

Table 1: Difference in Nu with variation in S with and without nanofluid 

S Nusselt Number 
with base fluid 

Nusselt number 
with nanofluid 

% 
 increase 

-5 21.50793 24.88323 15.69328 

-3 14.78057 15.91038 7.643887 

-1 11.25894 11.69366 3.861109 

0 10.06043 10.3254 2.633784 

1 9.09254 9.24379 1.663452 

3 7.62531 7.64263 0.227138 

5 6.56581 6.57426 0.128697 
 

Table 2: Difference in Nu with variation in Sv with and without nanofluid 

Sv 
Nusselt Number 
with base fluid 

Nusselt number 
with nanofluid % increase 

0 14.02686 14.73601 5.055658 

1 14.37356 15.23992 6.027456 

2 14.73782 15.77951 7.068142 

4 15.5247 16.98206 9.387363 

6 16.40035 18.83016 14.8156 

8 17.38067 20.03591 15.27697 

10 18.48565 22.0154 19.09454 
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Table 3: Difference in Nu with variation in dimensionless zeta potential, ζ*, with and without nanofluid 

ζ* Nusselt Number 
with base fluid 

Nusselt number 
with nanofluid 

% 
increase 

0 13.62143 14.053 3.168316 

1 13.76234 14.26076 3.621622 

2 14.24273 14.98383 5.203356 

3 15.48425 16.63275 7.417214 

4 17.51827 20.59074 17.53866 
 

 

 
Figure 6: Effect of n on the fully developed Nusselt number, Nu for various values of Γ 

5.  CONCLUSIONS  

A numerical analysis of the heat transfer characteristics for combined electroosmotic and pressure driven 
flow of non-Newtonian, electrolyte based nanofluid was carried out. It is seen that the nanofluid behavior can 

be accounted for by changing three thermophysical property ratios, namely: viscosity ratio , 

permittivity ratio , and resistivity ratio . The subscript f indicates base fluid and nf denotes 

nanofluid. The individual effect of each ratio was studied by setting the other two ratios equal to 1. It was 
seen that 

 Nusselt number decreases with decreasing viscosity ratio. 
 Nusselt number decreases with increasing permittivity ratio. 
 Nusselt number increases with increasing resistivity ratio. 

Since it does not give the complete picture of the overall heat transfer characteristics of nanofluids, the 
analysis was extended further to conmpare the difference between the cases where  

(simulating the base fluid) and  (simulating a nanofluid). It is further 

observed that for all fixed values of non-dimensional constants, such as, S, Sv, ζ, Γ and K, the Nusselt number 
increases with incorporation of nanofluid properties. 
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