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Abstract

In extrusion process, plastic deformation is achieved by applying force to a block of metal through a suitable die which results in

reduction of the cross section of the product. A great deal of effort has been made at theoretical evaluation of deformation process using

different techniques like Finite Element Modelling, weighted residual method and upper bound method, which yield approximate
solution. The theory of slipline field has now advanced to a highly developed state and has been successfully utilized in the analysis
of deformation modes of extrusion process. In the present analysis, the slipline field solutions have been obtained for slipping friction
at the die metal interface for wedge shaped die. All solutions are analysed over the complete range of reductions. The mean extrusion
and die pressures are computed for a number of die geometries and for different frictional condition at the interface.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Metal deformation through extrusion processes plays a

dies using slipline field solutions. In the slipline field solu-
tions for drawing/extrusion through smooth wedge-shaped
dies it is observed that the field with straight lines and
key role in metal forming industries. It is highly essential
to study the mode of metal deformation process exactly

circular arcs which applies for lower reductions, fails for
certain higher reductions when the velocity discontinuity
in the deformation process to satisfy the requirements of
robust die design of extrusion processes. In the recent past,
a great deal of techniques like FEM, weighted residual
method and upper bound method [1–5] have been used in
this connection. All the above methods can be applied to
both 2D and 3D deformations, but the solutions obtained
by the above methods are based on some approximations.
In contrast to that the slipline field solutions yield exact
solution, but only for plane strain deformation. It has
attracted a number of researchers in the field of plastic
deformation modeling to obtain exact solution.

Much attention has been devoted in the past to the study
of the mechanics of metal extrusion through wedge shaped
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terminates on the exit slipline as shown by Hill and Tupper
[6]. Solutions for these reductions involving curved exit
sliplines were proposed by Green [7] from an analogy with
the problem of plane strain compression between smooth
parallel plates where, simple straight-line fields occur for
integral values of width to thickness ratios and, for inter-
mediate values, fields with curved exit sliplines apply. These
indirect solutions for the case of drawing through friction-
less dies were analysed by Dewhurst and Collins [8] and
Venter, Hewitt and Johnson [9] who computed the mean
drawing stress for a number of die geometries and also
established the oscillatory behavior of the redundant work
factor, similar to that observed in the case of plane strain
compression between smooth parallel plates [7].

For short dies, the slipline fields can be constructed
starting from straight lines and circular arcs and these fields
for the case of smooth dies were analysed by Hill and
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Tupper [6], Venter, Hewitt and Johnson [9] and by Chenot,
Felgeres, Lavarenne and Salencon [10] who obtained
results for the more complicated problem of axisymmetric
extrusion. The effect of friction on drawing/extrusion pres-

Type I solution (Fig. 1(a)) applies when the fractional
reduction �r� is less than 2sina/(

p
(1 + m) + 2sina). The

maximum reduction corresponds to the limiting field of
Fig. 1 (a) for which h = 0. For reductions greater than

Fig. 2. (a) Slipline field type II; (b) hodograph.
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sure for these geometries was studied by Hill and Green
[11], Bishop [12] and Johnson [13,14]. Upper bound to
the mean pressures for these cases has also been computed
by Green [15], Westwood and Wallace [16].

In this paper the above solutions are extended to the
case of extrusion with slipping friction at the die metal
interface (s = mk). All solutions are analysed over the com-
plete range of reductions to which they apply and, mean
extrusion and die pressures are computed for a number
of die geometries and for different frictional conditions at
the interfaces.

2. Slipline fields

The four slipline field configurations associated with
extrusion of metals through wedge-shaped dies with slip-
ping friction at the interface (s = mk) and designated as
types I–IV solution are illustrated in Figs. 1–4, respectively.
For a given die angle �a� and for a given value of the friction
factor �m� each of these fields extend over a definite range of
reduction.
Fig. 1. (a) Slipline field type-I; (b) hodograph.
the above value of slipline field of Fig. 1(a) can be contin-
ued in the manner demonstrated in Fig. 2(a) (type II solu-
tion). The limiting configuration of this solution is attained
when the angular range of the sliplines equals (a + g)
where, m = cos 2k = sin 2g (Fig. 2(c)).

Beyond the limiting configuration of Fig. 2(a), a differ-
ent class of solutions apply as indicated by Green [7]. These
solutions involving curved exit sliplines are the types III
and type IV solution as shown in Figs. 3 and 4, respec-
tively. The solution of Fig. 3 applies when the reduction
is greater than that corresponding to the limiting field of
Fig. 2(a) while, the solution of Fig. 4 applies when the
reduction is less than a limiting value. The characteristic
feature of these solutions is that they involve velocity dis-
continuities along certain slipline curves and also tramline
regions where one family of sliplines are straight. Solutions
for still greater reductions can be obtained by continuing
construction beyond the limiting field. These solutions,
however, are more of theoretical interest since, dies of such
geometries are rarely used for extrusion or drawing of
metals.

3. Series representation of slipline curves

In the present study, the above solutions are analysed
with the help of the matrix method, for different frictional
conditions on the die faces. For the direct solutions of Figs.
1 and 2 the radius of curvature of the different slipline
curves could be readily calculated starting from the circular
arc AC. For the indirect solutions of Figs. 3 and 4, the
matrix inversion procedure was followed to determine the
base slipline. In the following sections the governing equa-



tions for these solutions are presented for evaluation of
coordinates and load variables.

tion used for the slipline curvature these slipline curves can
be represented by,

CA ¼ q c

Fig. 3. (a) Slipline field type III; (b) hodograph.

Fig. 4. (a) Slipline field type IV; (b) hodograph.
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3.1. Slipline field type I
Referring to Fig. 1(a), CA and CD are circular arcs of

radius q1 and q2, respectively. Hence, with the sign conven-
1

CD ¼ �q2c;
ð1Þ

where q2 ¼ q1 tan k and c represents a circle of unit radius.
From the slipline net CABD, slipline curves BA and DB



can be calculated by constructing singular fields about CA
and CD. Thus

BA ¼ ðq1Qwh � q2P hWÞc;

AB ¼ Qhwr1

CD ¼ Qhwr1 � q1c

ED ¼ T�1
w ðQhwr1 � q1cÞ
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and

DB ¼ ðq1P
�
h � q2Q

�
hÞc. ð2Þ

The equations for the evaluation of force and geometrical
parameters for this field are given as,

Thickness of the extruded sheet :

h ¼ X BA sin p=4þ Y BA cos p=4þ q1 sinðp=4þ hÞ
Thickness of the billet :

H ¼ XDB cosðp=4� wÞ � Y DB sinðp=4� wÞ þ q2 cosðp=4� wÞ
Extrusion force :

F =k ¼ FXDB sinðp=4� wÞ þ FY DB cosðp=4� wÞ
þ q2ðPD cosðp=4� wÞ � sinðp=4� wÞÞ; ð3Þ

where the field angle w is given by relation, w = p/4 + a +
h � k and, PD is the hydrostatic pressure at D.

3.2. Slipline field type II

Referring to Fig. 2(a), AC is a circular arc of radius q1.
Hence,

AC ¼ �q1c.

The radius of curvature of other slipline curves are calcu-
lated with the help of the following equations:

FC ¼ �q1StT 1
wc

FE ¼ �q1RtT tT�1
w c

GD ¼ �ðq1StT�1
w þ q2Þc

DG ¼ �Rcðq1ScT�1
w þ q2Þc

HG ¼ �GkcRcðq1StT�1
w þ q2Þc

ð4Þ

where

w ¼ cþ t.

Thickness of the extruded sheet :

h ¼ cos
p
4

Thickness of the billet :

H ¼ XHG cosðp=4� wÞ � Y HG sinðp=4� wÞ
þ q2 cosðp=4� tÞ þ X FE cosðp=4� tÞ
� Y FE sinðp=4� tÞ ð5Þ

Extrusion force :

F =k ¼ FXHG sinðp=4� wÞ þ FY HG cosðp=4� wÞ
þ q2ðPF cosðp=4� tÞ � sinðp=4� tÞÞ
þ FX FE sinðp=4� tÞ þ FY FE cosðp=4� tÞ;

where PF is the hydrostatic pressure at F.

3.3. Slipline field type III

The base slipline MK and the slipline curve OB are des-
ignated by r2 and r1 (Fig. 3).
LK ¼ Qwhr2

JI ¼ Qwh

EI ¼ T�1
h ðQwhr2 þ q2cÞ

FB ¼ G�1
lh r1

HK ¼ G�1
kwr2

GD ¼ G�1
lh r1 þ q1c

GI ¼ G�1
kwr2 � q2c

EI ¼ P hwGD� QwhGI

ED ¼ PwhGI� QhwGD

ð6Þ

where w = p/4 + a � k + h, l = p/2 � k and G is the rough
boundary operator.

The base slipline equation r2 is obtained from the fol-
lowing equation:

ðCGlhP �
�wRhA� DÞr2 ¼ q1ðCGlh � ðQhw � T�1

w ÞÞc
þ q2ðCGlhP �

�wRhðQwh � T�1
w Þ � PwhÞc.

ð7Þ
The slipline curve r1 is obtained by substituting r2 in the
following equation:

Br1 � Ar2 þ q1P hwcþ q2ðQwh � T�1
h Þc ¼ 0; ð8Þ

where

A ¼ QwhG
�1
kw þ T�1

h Qwh

B ¼ P hwG
�1
lh

C ¼ QhwG
�1
lh þ T�1

w Qhw;

and

D ¼ PwhG
�1
kw .

The equations of for the force and the geometrical param-
eters for the slipline field are as follows:

h ¼ XOA cosðp=4� hÞ þ Y OA sinðp=4� hÞ þ q1 sin p=4

H ¼ XML cosðp=4� wÞ � YML sinðp=4� wÞ þ q2 sin p=4

F =k ¼ FYML cosðp=4� wÞ þ FXML sinðp=4� wÞ
þ q2ðP j cos p=4� sin p=4Þ;

ð9Þ
where Pj is the hydrostatic pressure at point j.

3.4. Slipline field type IV

Referring to Fig. 4(a), the base slipline LK is designated
by r2 and the slipline curve BD by r1. BA and LN are cir-
cular arcs represented by

BA ¼ q1c

LN ¼ �q3c;



where q3 ¼ q1tan
2 k.

Other slipline curves are calculated as follows:

CD ¼ q1Pwhcþ Qhwr1

type IV solution from Eq. (8) by inversion of the matrix
operator ðCGlhP �

�wRhA� DÞ. The radius of curvature of
other slipline curves and the geometrical details of the
fields were then calculated with the help of standard sub-
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ED ¼ T�1
w ðq1Pwhcþ Qhwr1Þ

GR ¼ T�1
w ðq1Pwhcþ Qhwr1Þ � q2c

MK ¼ Qwhr2 � q3P hwc

JK ¼ T�1
h ðQwhr2 � q3P hwcÞ

GH ¼ T�1
h ðQwhr2 � q3P hwcÞ þ q2c.

The base slipline r2 is obtained from the following equa-
tion as follows:

ðCGlhP �
�wRhA� DÞr2 ¼ q2ðCGlhP �

�wRhðBþ QwhG
�1
kw � IÞ

� ðDþ QhwG
�1
lh � IÞÞc

þ q3CGlhP �
�wRhT�1

h P hwc� q1T
�1
w Pwhc.

ð10Þ
The slipline r1 is obtained by substituting r2 in the follow-
ing equation

Cr1 � Dr2 þ q1T
�1
w Pwhcþ q2ðDþ QhwG

�1
lh � IÞc ¼ 0. ð11Þ

The equations for the calculation of the force and geomet-
rical parameters for this field are as follows:

h ¼ ðXAC þ q1Þ cosðp=4� hÞ þ Y AC sinðp=4� hÞ
H ¼ ðXNM þ q3Þ cosðp=4� wÞ � Y NM sinðp=4� wÞ
F =k ¼ FXNM sinðp=4� wÞ þ FY NM cosðp=4� wÞ

þ q3ðPN cosðp=4� wÞ � sinðp=4� wÞÞ

ð12Þ

where PN is the hydrostatic pressure at N.

4. Computation

For a given set of field angles, the base slipline r2 for
type III solution was determined from Eq. (5) and for
Fig. 5. Variation of mean extrusion and die pressures with percent reduc
routines. In both cases, the hydrostatic pressure at point c
(Figs. 3(a) and 4(a)) was obtained from the condition that
the extruded product is stress free. The hydrostatic pres-
sures at the origin of the bounding sliplines ML (type
III solution) and NM (type IV solution) were then evalu-
ated using Hencky�s equation. The total traction on the
bounding slipline was then calculated from which, the
mean extrusion and die pressures were determined for
the given geometry.

In this manner, results from the above indirect solutions
were computed for various values of m between 0.1 and 0.9
and, for semi-wedge angle a of the dies between 5� and 60�.
In view of small angular range of slipline curves, 6 · 6 trun-
cated matrices were used for calculation. All programmes
were run on an IBM 1130 computer and the time taken
for calculation was approximately 5 min.

The geometry of each field is specified by the field angles
h, k, semi-wedge angle a and the length q1 of the exit sli-
pline (w = p/4 + a + h � k). q1 Being a scale factor was
set equal to unity while, the value of k was decided by
the friction factor �m� between the die metal interface
(m = cos2k). The range of possible values of w corresponds
to the range of reductions for which the field is valid. For
initial set of calculations, k was taken equal to p/4 and
the results were checked against those of Venter, Hewitt
and Johnson [4] for the frictionless case.

For the direct solutions ( types I and II), the radius of
curvature of the various slipline curves were calculated
from the circular arc CA using standard matrix operators
and superposition principle. The force and the geometrical
details were then evaluated with the help of the equations
presented in Eqs. (3) and (5).
tion for different friction factors on die face semi-wedge angle = 15�.



5. Results and discussion

depending on the value of m, there is an optimum die angle
for which the extrusion pressure is minimum and, its value
for any reduction increases with in the value of m.

Fig. 6. Variation of mean extrusion and die pressures with percent reduction for different friction factors on die for semi-wedge angle = 45�.

Fig. 7. Variation in value of optimum die angle with variation in friction
factor for 30% reduction.
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For any given value of k, as h (andw) increases, the reduc-
tion (1 � h/H) increases from its limiting value correspond-
ing to the limiting slipline field of Fig. 2(a) for type III
solution, but decreases from its limiting value corresponding
to the slipline field of Fig. 4(a) for type IV solution. For both
solutions, q1 decreases for fixed thickness, h, of the extruded
sheet as h increases and at a critical angle of h(=hE), q1 even-
tually vanishes so that both solutions merge into the single
eigen solution. The variation of hE with m is computed for
different values of wedge angle a. Each hE is found to
decrease from amaximum corresponding to the smooth dies
(m = 0) to zero for perfectly rough dies (m = 1), where, the
range of validity of these indirect solutions vanishes and the
direct solution of Fig. 2 is valid for all reductions.

The variation of mean extrusion and die pressures with
reduction is shown in Figs. 5,6 for die semi-angle a between
15� and 45� and for friction factor, m, between 0.3 and 0.9.
In all cases, the reduction corresponding to the geometrical
limit has been taken as the lower limit and the bulge limit,
which slightly exceeds the geometrical limit for small wedge
angles has been omitted for clarity. It may be seen from the
above figures that the extrusion pressure increases due to
friction at the billet-die interface and the effect is more evi-
dent at higher reductions. For any value of m, however,
while the extrusion pressure increases monotonically with
reduction, the die pressure first decreases from its limiting
value corresponding to the geometrical limit, passes
through a minimum corresponding to the limiting field of
1(a) and then increases through type II solution and in a
quasi-oscillatory manner through type III and type IV
solutions.

The effect of die angle a on mean extrusion pressure is
shown in Figs. 7,8 for friction factor m between 0 and
0.9 and for fractional reductions between 30% and 60%.
It may be seen from these figures that for any reduction
In Table 1 the results from the present analysis are com-
pared with those of Chenot et. al. [10] for the case of
axisymmetric extrusion with smooth dies. It is rather inter-
esting to note that for reductions even upto 60% the maxi-
mum discrepancy in the two results does not exceed seven
percent.



Fig. 8. Variation in value of optimum die angle with variation in friction
factor for 60% reduction.

Table 1

Semi-wedge
angle a in
degree

Reduction
percent

Mean extrusion pressure �p
y

Plane strain case
(present analysis)

Axisymetric
case [12]

10 20 0.28 0.3
20 40 0.62 0.63
30 40 0.73 0.76
45 40 0.91 0.94
30 60 1.1 1.1
45 60 1.23 1.3

N.S. Das, K.P. Maity / Materials and Design xxx (2005) xxx–xxx 7

ARTICLE IN PRESS
6. Conclusion

1. The mean extrusion pressure increases with reduction.
For type III and type IV solutions, the variation is
quasi-oscillatory.
2. Extrusion pressure increases in the presence of friction
and the effect is more evident at larger reductions.

3. For a given die angle, a, and friction factor, m, the die
pressure is a minimum for the transition field between
type I and type II solutions.

4. For smooth dies (m = 0), the maximum discrepancy
between extrusion pressures for axisymmetric extrusion
and that for sheet extrusion does not exceed 7% upto
a reduction level of about 60%.

5. The value of the optimum die angle increases with
increase in reduction and with increase in the value of
the friction factor m.
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