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This paper presents an improved irreversibility analysis of regenerators with single- 
blow operation. Unlike earlier analyses, this investigation deals with the gas and matrix 
temperature variation along spatial and temporal co-ordinates. The results of this study 
show that the earlier analyses involving a lumped model and an averaged model 
applied to high Ntu regenerators may run the risk of operating in the zone of high 
irreversibility, while the models are well suited for Ntu < 1.0 and Ntu < 2.0, respectively. 
The present analysis is more relevant for exergetic analysis applied to cryogenic 
regenerators with high Ntu. 
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Nomenclature 

A 
Cp 
Cm 
E 
f 

1 Fa 
Go 
G1 
G 
h 
I 
J 
L 
n~ 
Mm 
Nf 

Nst 

Ap 
Po 
R 
Re 
S 

Heat transfer area of matrix (m 2) 
Specific heat of fluid (J kg -1 K -1) 
Specific heat of solid/matrix (J kg -1 K -1) 
Exergy content of fluid (J) 
Friction factor 

Special functions given in Appendix 

Mass velocity of fluid (kg m -2 s -1) 
Heat transfer coefficient (W m -2 K -1) 
Irreversibility (J) 
Irreversibility rate (W) 
Length of solid/matrix bed (m) 
Mass flow rate of fluid (kg s -1) 
Total mass of solid (kg) 
Dimensionless friction coefficient 
[= (a /  2V~o) ~¢'(g/Cp)(f/Nst)] 
Stanton number 
Number of transfer units 
[= (hA)/(,n Cp)] 
Fluid pressure drop (N m -z) 
Fluid pressure at outlet (N m -2) 
Ideal gas constant (J kg-' K -1) 
Reynolds number 
Specific entropy (J kg -I K -1) 

S 

t 
T 
To 
x 

Entropy generation (J K -J) 
Entropy generation rate (W K -1) 
Time co-ordinate (s) 
Temperature (K) 
Ambient temperature (K) 
Distance co-ordinate (m) 

Greek letters 

*7 (hAt)/(MmCm) = NtuO 
Ratio of optimum to maximum storage 
capacity 
Fluid density (kg m -3) 
(hAx)/rhCpL ) = Ntuxo 
Dimensionless fluid inlet temperature 
[= (To - Tg,,)/To] 
Dimensionless charging time 
[= (rnCpt)/( MmCm) ] 

Subscripts 

D Dimensionless 
g Fluid (gas) 
i Inlet 
o Outlet 
opt Optimum 
m Solid or matrix 
sp Specific 

The design of an economically attractive heat transfer 
system for industrial and commercial units requires all 
possible sources of energy, including waste heat to be 
efficiently utilized. A heat storage system is one of the 

alternative ways of promoting economical utilization of 
thermal energy. Such storage systems are needed in a 
wide variety of applications. In general, it is advan- 
tageous and often possible to store the heat rejected by 

0011-22751941060475-08 
© 1994 Butterworth-Heinemann Ltd Cryogenics 1994 Volume 34, Number 6 475 

anjali
Text Box
Published in cryogenics, 1994, 34(6), 475-482

anjali
Text Box
Presently with National Institute of Technology, Rourkela India.  rksahoo@nitrkl.ac.in



Exergy maximization in cryogenic regenerators: R.K. Sahoo and S.l~. Das 

one thermal process and use it later as part of the 
energy input for the same process or an entirely 
different one. Of the various modes of thermal energy 
storage, sensible heat storage systems are attractive 
because of their simplicity and relative low cost. 
Thermal regenerators have emerged as the most 
important class of sensible storage unit, with wide 
applications ranging from cryogenic to high temper- 
atures. 

The classical techniques for analysis and design of 
sensible heat storage systems are based on the First 
Law of Thermodynamics. These are described exten- 
sively in the excellent books by Hausen I and Schmidt 
and WiUmott 2. From the First Law perspective, the 
efficiency of storage systems is assessed on their 
ability to store maximum thermal energy. This 
approach yields workable designs, but not necessarily 
those with the highest possible thermodynamic efficien- 
cies. It has been felt in recent years that the design of 
thermodynamically efficient heat transfer equipment 
must be based on the Second Law of Thermodynamics 
as well as the First Law to account for the amount of 
irreversibility during the storage process. So, in a world 
where thermodynamic availability is becoming an 
increasingly precious commodity, it makes sense to 
evaluate the performance of regenerators on their 
ability to store maximum useful work or exergy. 
Moreover, at low temperature, thepenal ty paid for 
non-exergetic storage of refrigeration is substantial. 
Hence it is necessary to use exergy maximization 
as a figure of merit in the analysis of cryogenic 
regenerators. 

The destruction of exergy is quantified by thermo- 
dynamic irreversibility or entropy generation. The 
common factors which contribute to thermodynamic 
irreversibility are: 1, heat transfer across a finite 
temperature difference, and 2, fluid flow across a finite 
pressure difference due to friction. So investigation of a 
system using the above mentioned integrated approach 
for the least thermodynamic irreversibility requires the 
Second Law of Thermodynamics in addition to the First 
Law. This analysis has led to the maximum storage of 
useful work by keeping entropy generation to the 
minimum. 

In recent years many investigations 3-7 have been 
carried out in the area of exergy analysis. The experi- 

8 mental study of Hahne dealing with hot water storage 
is worth noting. In their pioneering studies, Bejan 4 and 
Krane 5 applied entropy generation techniques to the 
analysis of sensible heat storage systems to yield the 
optimum design parameters. All these analyses suffer 
from the limitation of a lumped matrix model. Such 
approximations are appropriate where the matrix 
characterizes as a well stirred liquid pool. In using this 
assumption, the matrix temperature of the storage 
medium is considered to be uniform at any instant in 
time. However, a regenerator with a porous solid 
storage medium shows considerable variation in tem- 
perature from inlet to exit. Hence, lumped modelling 
of the matrix gives a poor approximation of the actual 
heat transfer characteristics. 

The present analysis aims at developing a realistic 
mathematical model for regenerators with single-blow 
operation from the exergetic viewpoint. The perspec- 
tive of the present model is that the matrix temperature 

is not uniform but varies along the fluid flow direction 7. 
Referring to an earlier investigation 7, averaging of the 
matrix temperature over the bed length is presented. 
But the present investigation is more realistic than the 
earlier work 7, which itself was an improvement of 
Bejan's analysis 4. A coml~arison of the present model 
with the earlier models 4'' is given in a later part of 
this paper. 

Element for sensible heat storage units 

The cryogenic regenerator is a porous matrix bed 
through which a stream of cold gas is blown from one 
side and is exhausted to the atmosphere at the other 
end. The assumptions made for analysis of the system 
are: 1, the entire bed is insulated from its surroundings; 
2, the temperatures of both the gas and matrix are 
uniform over any cross-section of the bed, to satisfy the 
condition of infinite thermal conductivity of the bed 
and gas in the direction perpendicular to the bed axis; 
and 3, the axial thermal conductivity of the bed and 
fluid along the fluid flow direction are neglected for the 
large Reynolds numbers (Re > 150) associated with the 
fluid. Using these assumptions, the energy balance of 
an elemental length of the bed yields the governing 
differential equations. These equations are the same as 
those derived by Schumann 9. 

The non-dimensional form of the above equations 
along with the boundary conditions for a step input of 
gas temperature may be given as 

(gas) OTg = N t . ( T ~ -  Tg) (1) 
OXD 

(bed) OT~ 
08 = Ntu (Tg - Tin) (2) 

with boundary conditions 

(gas) Tg (x D = 0, 8) = Tg,i (3a) 

(bed) Tm(XD, 8 = 0) = To (3b) 

The above Equations (1) and (2) along with their 
boundary conditions given by Equations (3a) and (3b) 
can be solved using the Riemann method t°. However, 
it is convenient to express the temperature response 
in terms of special functions, commonly known as 
Anzelius-Schumann functions H. Some of the proper- 
ties of these functions which are referred to in this 
paper are noted in the Appendix. Thus the temperature 
distribution of the gas and matrix can be given by 

T g -  Tg,i 
To-  Tg,i 

and 

- -  - Go (~/, ~') (4a) 

Tm - Tg,  i 
= Fo(n, ~r) (4b) 

To-Tg,i 
where Go and Fo are special functions and the 
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Rgure 1 Refrigeration storage system 

arguments of these functions are 

and 

hAt 
-- Ntu 0 (5a) MmCm 

hAx 
~ ' - - - -  NtuXD (5b) 

mCpL 

The temperature responses given by Equations (4a) 
and (4b) are used for the estimation of irreversibility in 
a later section. 

E x e r g y  a n a l y s i s  

The irreversibility or the amount of useful work (or 
exergy) destroyed in a storage process is quantified in 
terms of entropy generated. This relation in terms of 
time and rate can be expressed as 

i = r o '~gen (6) 

where Sge. is the total entropy generation rate by the 
system and its surroundings. 

The refrigeration storage process, as shown schema- 
tically in Figure 1, is associated with three sources of 
irreversibility. Of these three, two are caused by the 
finite temperature difference: 1, the convective heat 
transfer between the cold gas stream and the matrix 
(and thus the temperature of the cold gas stream 
increases from 7". i to Tg o); and 2, the cold gas stream 
exhausted from t[ae mat~x at Tg, o is heated to To due to 
irreversible mixing with ambient air. The third source 
of irreversibility is the frictional pressure drop AP due 
to the flow of fluid through the matrix. Hence the total 
irreversibility rate due to these factors can be expressed 
as 

i = iar+ iap (7) 

where 

and 

Jap= ToDgen,ap= To[thR ln (l+-~o) ] (9) 

The two terms in the expression denoted by Equation 
(8) represent entropy generation due to the convective 
heat transfer and irreversible mixing, respectively, as 
described by the first two entropy generation factors. 

In the practical operation of a regenerator the 
frictional pressure drop Ap over the length of the 
matrix bed is usually small compared to the ambient 
pressure Po- Hence 

In ( I + A P )  = A p  (10) 
\ Pol Po 

Again the frictional pressure drop in the matrix can be 
expressed in terms of other dimensionless parameters 12 
as 

Ap f 6 2 Cp 
Po Ns--~t EpPo "Nt"=--~ N~Ntu (11) 

where f, Nst , G, p and Nf are the friction factor, 
Stanton Number, mass velocity, density and friction co- 
efficient, respectively, for the gas side. 

Since 

MmCm (°  i dO 
I= f~i dt= mop Jo 

the irreversibility I can thus be estimated by the 
integration of Equation (7) with the use of the 
temperature profile equations, Equations (4a) and 
(4b), and the dimensionless pressure drop equation, 
Equation (10). The resultant equations express the 
destruction of exergy during the refrigeration storage 
process. These equations are 

r l  rN,= 
IAr=MmCmTo[~t~Jo ln(1-rGo(~ ' ,  r l)ld( 

r F, ( rl, Ntu) 
+ r - 0 0 " + I n ( I - r ) ) ]  (12) 

N,. 
and 

lap = Mm Cm ToN2NtuO 

while the total irreversibility is given by 

(13) 

I = /aT+  lap (14) 

The dimensionless time and dimensionless temperature 
are defined as 

tAT = To Sgen,AT 

=To[~t(MmCmf:"ln Tm 

(8) 

0-  th Cpt 
Mm Cm 

and 

To- -  Tg, i 

To 
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The exergy content of the cold gas at the inlet to the 
bed can be equated by assuming that a Carnot 
refrigerator is generating this cold gas at temperature 
Tg. i from the ambient temperature T o. So the minimum 
work consumed by the Carnot refrigerator is the useful 
work (or exergy) stored in the cold gas. In this case, 
since the pressure drop in a matrix bed is small (of the 
order of 1 or 2%), the exergy stored in the cold gas due 
to pressure elevation is neglected. Hence, this exergy 
content is given by 

E ~- - MmCmOTo ['r + In (1 - r)] (15) 

A more informative expression can be developed by 
accounting for the amount of exergy wasted, given by 
Equation (14), out of the total exergy content, given by 
Equation (15), during the storage operation. So the 
fractional loss of exergy is estimated by dividing 
Equation (15) by Equation (14). This quantity is 
termed the specific irreversibility and is the same as the 
number of irreversibility units introduced by Bejan 3 or 
the number of entropy generation units used by 
Krane 5. Hence the total specific irreversibility is the 
sum of the specific irreversibilities due to the tempera- 
ture difference and pressure difference. This can be 
expressed as 

I 
Isp = "E -'~ (Isp)AT + (Isp)Ap (16) 

where 

(Isp)AT = 1 - [ z -  rF~(y, Ntu)/Nt. 

+ (l/Ntu) l n ( 1 - r G o ( s  r, 7/)) dg']/ 

[0(~'+ In (1 - ~'))] (17) 

and 

(Isp)Ap = - + In (1 - , ) l  (18) 

Equation (17) is defined for finite values of r and Nt,, 
but special cases involving the limiting values of these 
variables can be obtained by modifying Equation (17) 
as follows. 

Case I: Ntu --~ oo and 0 < r <~ 1 

Since specific heat and mass flow rate (Cp and rh) are 
always finite quantities for the cooling gas, Nt,--* 
limit implies the limiting case, hA --* oo. So at any cross- 
section of the bed, since the heat transfer rate is the 
product of h A  and the temperature difference between 
the matrix and cold gas, (Tin- Tg) must approach zero 
to have a finite quantity heat transfer. In other words, 
the limit Tm ~ Tg = T. Under these circumstances the 
governing Equations (1) and (2) are transformed to 

OT OT 
(19) 

0X D O0 

while the boundary conditions, given by Equations (3a) 

and (3b), are transformed to 

T(XD,  0 = O) = T o (20a)  

and 

T ( x  D = 0, 0) = Tg, i (20b)  

The solution of Equation (19) with boundary condi- 
tions described by Equations (20a) and (20b) is 
obtained by using Laplace transforms, as 

T(XD, 0 ) -  Tg, i - 1--u(O--XD) (21) 
To - Tg,i 

where u represents a unit step function. Using Equa- 
tion (21) it can be shown from Equation (8) that 

(Isp)ar= 0 for O ( x  D 

and (22) 

(!~,)aT = 1 for 0 I> x D 

These expressions clearly indicate that a square wave is 
propagating in the medium with a finite dimensionless 
speed of unity. 

Case I1: r--~ O and  oo > Ntu > O 

In this case (lsp)AT given by Equation (12) can be 
evaluated in the z---)0 limit, and the resultant equation 
is 

1 fO Nt" (Isp)aT = 1 - Ntu----O G2(~ ", "O) d~" (23) 

Case II1: r - - ,  I and  oo > Ntu > 0 

It is evident from Equation (12) that as 7----)1 (that 
is, Tg i--> 0 K), (Isp)ar-'-) 1. This indicates infinite 
exergy' content of the inlet cold gas as its temperature 
approaches absolute zero, while the stored exergy in 
the matrix is a finite quantity. 

Optimum parameters 

Opt imum charging t ime 

The amount of cold gas consumed is determined by the 
charging time of the regenerator. So, the time para- 
meter O plays a major role in determining the loss of 
useful work due to heat transfer across a finite 
temperature difference. Examination of Equations (17) 
and (23) shows that the specific irreversibility (Isp)aT is 
unity at the two extreme values of /9, that is in the 
O--->0 and 0---~ ~ limits. This indicates that at the 
lowest value of 0, the entire useful work content of the 
cold source is dissipated, as no exergy has been 
recovered from the cold sources. At the highest value 
of 0, the entire useful work content of the cold source 
is again dissipated, because the gas exits as cold as it 
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Figure 2 Specific irreversibility versus charging time for 
different mathematical models: - - - ,  lumped parameter4; 

, averaged temperatureT; , distributed parameter 

enters. Hence, there exists an optimum 0 when 
specific irreversibility reaches its minimum. 

The specific irreversibility due to the temperature 
difference (Isp)AT is plotted on Figures 2 - 5  in solid 
lines as a function of 0 for discrete values of r and 
Ntu. The total specific irreversibility of the system is the 
summation of the individual specific irreversibilities 
due to the temperature difference and pressure drop. 
Since the contribution of (Isp)ap to the total specific 
irreversibility l~p is independent of the time, 0 o p  t c a n  

be evaluated from the expression for (I~p)ar alone. 
The locus of the optimum charging time 0opt can be 
estimated explicitly by minimizing the specific irrever- 
sibility given by Equations (17) and (23). These two 
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Figure 3 Specific irreversibility versus charging time for 
different mathematical models (key to curves as for Figure 2) 
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Rgure 4 Specific irreversibility versus charging time for 
different mathematical models (key to curves as for Figure 2) 
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Figure 5 Specific irreversibility versus charging time for 
different mathematical models (key to curves as for Figure 2) 

equations give two conditional expressions 

ff '"  7/') - Go(K, r/'))/ [ ' r  •op t  ( F o  ( ; ,  

(1 - ~'Go((, ~')) + In (1 - rGo(( ,  ~7'))/Ntu] d( 

--'TOopt Go ( ~7', Ntu) - r F, ( 71', Ntu)/Ntu + ~" = O; 

0 < r ~ < l  
and 

OoP t Ntu l-N,. 2 
J 0  

[Go((, n') G_, ((, ~7')] d( 

[0 - c , ~ ( ( ,  n') d(-- 0; 

where 7/'= Ntu 0opt. 

(24) 

• --,0 (25) 
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Figure 6 O p t i m u m  c h a r g i n g  t i m e  a t  m i n i m u m  spec i f i c  i r r eve r -  
s ib i l i t y  

The optimum charging time 0opt expressed by 
Equations (24) and (25) can be calculated numerically 
using Mueller's iteration method 13. The results of these 
equations are shown in Figure 6 in solid lines. It is 
observed from this figure that the optimum charging 
time 0opt increases with increasing ~', with the lowest 
optimum charging being in the z-->0 limit (i.e. Tg, i 
--~ To). In this case 0opt is finite even though the inlet 
gas temperature from the source approaches ambient 
temperature. The variation of 0opt with Nt, for various 
values of r depicts a rectangular hyperbola, where in 
the Nt,--* 0 limit, 0opt-* go and in the Nt,-~ ~ limit, 
0opt "---> 0. 

Optimum number of transfer units 

The most important parameter associated with any heat 
exchanger is Ntu. This parameter not only determines 
the physical dimensions of a heat exchanger but it is 

0-7\ .\ \ 
\ \ \ 

_} o, 

. 

0.03 I I. = I I I , I , I , I I I 
0 I 2 3 4 5 6 7 

Optimum Ntu,Ntu opt 

F igu re  7 O p t i m u m  N t .  a t  m i n i m u m  spec i f i c  i r r e v e r s i b i l i t y  

also a strong function of heat exchanger effectiveness. 
In the expression described by Equation (17), the 
dissipation of useful work due to heat transfer across a 
finite temperature difference always decreases with 
increase in Ntu. At the same time, dissipation of useful 
work due to the pressure drop increases with Ntu, as 
described by Equation (18). Thus there exists an 
optimum Nt, for which the total irreversibility given by 
Equation (16) is the minimum. So the optimum Nt. is 
obtained by differentiating the total specific irrever- 
sibility with respect to Ntu at its optimum charging 
time. The resultant equation can be expressed as 

N20opt = ~r i'/tct= 0optG_l(~" ' T]') d~- 
Ntu a0 1 -T G o( ( , r / ' )  

- I n  [1 - zGo(Nt., r/')]/Ntu 

y,u) 
L s~ 

Fo07', Ntu)-OoptGo(Tf , Ntu)] 

Ntu 

S0 Ntu + (1/N,~a) In [1 - - , 'Ca(A '7')] d~ (26) 

where 0 = 0opt, Nta = Nta,opt, 7' = (Nta 0)opt and 

R f G 2 

Equation (26) can be solved numerically to obtain 
the optimum number of transfer units. In the solution 
procedure, Equation (24) [or Equation (25)] is first 
solved to obtain the optimum charging time at the 
corresponding Ntu for a discrete value of r. If this pair 
of 0opt and Nta satisfies Equation (26) for a discrete 
value of Nf, the resultant Ntu is the Ntu, opt. This result 
is plotted in Figure 7. It shows that the optimum 
number of transfer units decreases as the mass velocity 
G increases, for the same r. 

Optimum storage capacity 

If a regenerator having the optimum number of transfer 
units operates up to the time equal to the optimum 
charging time of the system, then maximum exergy is 
stored in the regenerator. This is the optimum storage 
of refrigeration. However, if the matrix is allowed to 
cool to its ceiling temperature Tg, i, maximum energy is 
stored in the regenerator at the expense of more exergy 
waste from the cold source. Thus the fraction 4) which 
determines the ratio of optimum storage to the 
maximum storage capability of the matrix may be given 
as 

T o -  Tm, opt 
4) = (27) 

ro-r~,, 
T,,,opt is the average matrix temperature over the 
length of the bed at the optimum operating regime of 
the regenerator. This quantity may be determined by 
numerical integration after substituting the matrix 

480 Cryogenics 1994 Volume 34, Number 6 



Exergy maximization in cryogenic regenerators: R.IC. Sahoo and S.tC. Das 

1.0 

0 .9  

0 

g o.e 

O. 

Rgure 8 

J I ~ I ' I ' '1  ' 

N fu=0.5  

l I l I i I l I 
0 0.2 0.4 0 .6  0.8 

In le t  temperot ure ,"(, 

Op t imum storage capacity of  mat r ix  

1.0 

i ~  I ' I ' I ' 1 * I ' 

i 

~= - - -  . 

E - - -  

o _ t _ _ l  t__ l  I 
0 I 2 3 4 5 6 

Number of Transfer units, Ntu 
Figure 9 Compar ison of  op t imum charging t ime for  three 
dif ferent mathemat ica l  mode ls  a long wi th  thei r  corresponding 
op t imum charging t ime (key to curves as for  Figure 2) 

temperature profile given by Equation (4b). The 
resultant equation in its integral form may be given as 

1 (N,..o~ (To -- Tin(6 v, Oopt)) d ( ( 2 8 )  
T ° -  Tm'°pt  = Ntu,opt a0 

So ~b can be explicitly determined from Equations (27) 
and (28). This fraction 4) which determines the 
'riskless' storage of useful work in the regenerator is 
shown in Figure 8. Deviation from this stored quantity 
in the hope of collecting more refrigeration runs the 
risk of destroying more useful work. 

R e m a r k s  

The present analysis of a thermal regenerator gives a 
more realistic representation of single-blow operation 
with a distributed matrix than the existing models, from 
the viewpoint of the Second Law of Thermodynamics. 
The existing models are based on either a uniform 
matrix temperature (lumped model) 4 or a constrained 
distributed matrix with an average matrix temperature 
(averaged model) 7. These simplifications are the 
respective limitations of these models. Figures 2-5 
present a comparison of these two models with the 
present analysis. It shows that for small Nt, (Nt, < 1.0) 
the deviation in irreversibility between the lumped 
model and the present model is less than 5%. Hence for 
small Nt,, the lumped model analysis 4 can be safely 
used for the estimation of optimum parameters. This 
method greatly simplifies the analysis and is also devoid 
of computational complexity. In the range 1.0 <Ntu 
<2.0,  the deviation of irreversibility between the 
lumped and the present model is beyond 10%, but is 
limited to 7% when the averaged model and the 
present model are compared. Hence it is advisable to 
use the averaged model in this range. 

Use of the present exergetic analysis is unavoidable 
in the range Ntu~>2.0. For example, for Ntu =6 ,  
the deviations in irreversibility for the lumped and 

averaged models compared with the present model are 
as high as 45 and 20%, respectively. These deviations 
are unacceptable from the operational viewpoint 
because the steep nature of the specific irreversibility 
curve means that even a small offset from its minima 
will force the system to operate with a high degree of 
irreversibility. 

The variations in optimum charging time for these 
three models are shown in Figure 9. This shows that 
the optimum charging time deviates more with increas- 
ing Ntu. With the presence of a pressure drop, Nt, can 
be optimized depending on the charging time and 
dimensionless friction coefficient Nv A comparison of 
the three models is portrayed in Figure 10 to show the 
optimum number of transfer units. This figure is viewed 
by fixing the Nf value which corresponds to Nt,, opt on 
the ordinate and ~opt on the abscissa of the adjacent 
figure. 

C o n c l u s i o n s  

The result presented in this paper is a significant 
improvement on the existing models of a single-blow 
regenerator from the viewpoint of exergetic analysis. 
This improvement relates to the realistic operation of 
regenerators. Most of the cryogenic regenerators are 
designed for high Nt.. Thus this analysis yields the 
actual optimum operating parameters by restricting the 
model to operation at a high degree of irreversibility. 
This analysis also shows the limitation and operation of 
different mathematical models based on Ntu. 

In fact, the irreversibility analysis presented in this 
paper points out the dissipative features which accom- 
pany techniques of storing thermal energy as sensible 
heat. Thus the real purpose of an efficient thermal 
energy storage unit is to store exergy rather than 
absolute value of energy. And deviating from the 
optimum operating parameters in the hope of maximiz- 
ing the amount of energy storage is counterproductive 
in terms of irreversibility. 
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In general, the design and operation of heat transfer 
equipment based on the Second Law results in 
thermodynamically efficient units. In practice, 
the implementation of such units is constrained by 
economic factors. However, the p resen t  work 
addresses only the thermodynamic aspect of optimiza- 
tion. 
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Appendix 
The family of functions G. and F. are known as 
Anzelius-Schumann functions. They can be defined ~1 
a s  

= y r + n + l  

G,(x, y) = e  -(x+y) .~  
(n + n + l ) !  

(n + r - p ) !  x p 
× 

~=o/" (r -p)!n!  p! 

and 

forn>~0 (A1) 

F,(x, y) = G,(x, y) + G,,_l (x,y) 

However for n < 0, the values of the functions can be 
evaluated from the recurrence relation (A2) using the 
definition of G_~ and F_I, as 

= X r yr 
G_I(x, y) = e -(x+y) ~.. rt rt 

r=O 

and 

= xr+l yr 
F_1(x, y) = e -(x+y) (r+ 1)~ r! 

Some of the differential and integral properties n used 
in the present text can be written as 

aG,(x, y) OF,,(x, y) 

Oy Ox 

oF.(x,y) 
- -  = F,,-1 ( x ,  y )  

oy 

= G._l(x ,  y)  

o x G.(t, y) dt= -F.+t(x, y)+ F.+I(0, y) 

fo ~ G.(x, t) dt = G.+1(x, y)- Gn+1(x, 0) 
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