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Abstract: The paper describes use of soft computing methods (fuzzy logic and neural 

network techniques) in the development of a hybrid fuzzy neural control (HFNC) scheme 

for a multi-link flexible manipulator. A manipulator with multiple flexible links is a 

multivariable system of considerable complexity due to the inter-link coupling effects 

that are present in both rigid and flexible motions. Modelling and controlling the 

dynamics of such manipulators is therefore difficult. The proposed HFNC scheme 

generates control actions combining contributions form both a fuzzy controller and a 

neural controller. The primary loop of the proposed HFNC contains a fuzzy controller 

and a neural network controller in the secondary loop to compensate for the coupling 

effects due to the rigid and flexible motion along with the inter-link coupling. It has been 

ascertained from the present investigation that the proposed soft-computing-based 

controller works effectively in the tracking control of such a multi-link flexible 

manipulator. The results are extendable to other multivariable systems of similar 

complexity. 
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1. Introduction 

The conventional approach to design of controllers for any plant, process or system 

requires knowledge of an accurate mathematical model of the system to be controlled, 

which is often difficult to derive analytically. In consequence, it is difficult or impossible 

to design controllers for complex systems such as nonlinear multivariable systems using 
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these conventional approaches that require a plant model. Hence, control engineers 

frequently turn their attention to soft computing techniques such as fuzzy logic and neural 

networks (NNs), which can be exploited to achieve control objectives without the 

availability of accurate mathematical plant models being essential. The control of a 

number of complex systems such as robotic systems, electric drives, power system, 

communication channel have been achieved using fuzzy logic and or neural network 

control strategies without a-priori knowledge of the dynamics [1].  

Robot control problems are highly nonlinear, heavily coupled and time-varying systems. 

Hence, an accurate mathematical model for such system is difficult to obtain, thus 

making it difficult to control using conventional techniques. More control difficulties 

such as under-actuation, distributed parameter nature of the system, non-minimum phase 

behaviour and inter-link flexible and rigid mode coupling effects compensation are 

encountered while controlling flexible robots [2-4]. A number of research investigations 

exploit soft computing approaches such as fuzzy logic and neural network techniques in 

designing improved controllers for flexible link manipulators [2-11]. Controlling the tip 

position of a single-link flexible manipulator has been achieved successfully by 

employing neural-network and fuzzy controllers [3, 4]. In [2], control of a flexible 

manipulator using a neuro-fuzzy control method has been described, where the weighting 

factor of the fuzzy logic controller (FLC) is adjusted by the dynamic recurrent 

identification network (RLN) and the controller works without any knowledge about the 

manipulator system. An intelligent optimal control for a nonlinear flexible robot arm 

driven by a permanent-magnet synchronous servo motor has been designed using a fuzzy 

neural network control approach [3]. The reported intelligent optimal control system 

consists of an optimal controller which minimizes a quadratic performance index and a 

fuzzy neural network controller that learns an uncertain nonlinear flexible manipulator 

dynamics together with an adaptive bound estimation algorithm to provide robust control 

for compensating the approximation error of the RLN. The proposed intelligent controller 

has been implemented in both simulated and real-time flexible arm experimental set-up 

for tip-position tracking and the controller exhibits good tracking accuracy. In [4], a 

fuzzy controller has been developed for a three-link robot with two rigid links and one 

 



flexible fore-arm. This controller design is based on fuzzy Lyapunov synthesis where a 

Lyapunov candidate function has been chosen to derive the fuzzy rules. In [5], four 

neural network based control schemes have been proposed for tip-position tracking of 

highly flexible link manipulator. These four neural controllers are as follows. Two of the 

NN control schemes used feedback-error-learning scheme to learn the inverse dynamics 

corresponding to the redefined output of the tip position, the third NN controller uses the 

steepest decent technique for training with an objective function that includes the tip 

deflection term and the fourth neural network structure consisted of two neural networks, 

where one network is trained as an online feedback controller, and the other is trained to 

determine an appropriate output for feedback (in the sense of ensuring minimum phase 

behavior of the system). Lin and Lewis [6] have exploited fuzzy logic and the singular 

perturbation approach for flexible-link robot arm control. By using the singular 

perturbation technique they obtain two-time scaled slow and fast subsystems of the 

flexible robot arm. Having obtained slow and fast subsystems they applied fuzzy 

controllers to these subsystems to derive a composite control for simultaneous damping 

of link deflection and trajectory tracking. Subudhi and Morris [7] have proposed a neuro-

fuzzy scheme for tip position control of a single link flexible robot manipulator. In their 

proposed neuro-fuzzy controller, the scale factors of the fuzzy controller are adapted on-

line using a neural network which is trained with an improved back-propagation training 

algorithm.  

 

Two different neuro-fuzzy feedforward controllers namely a Takagi-Sugeno fuzzy model 

and a rectangular local model have been proposed in [12] to compensate the 

nonlinearities in a flexible manipulator. After having modeled the distributed link flexure 

by the popular assumed modes method, Jemil M. Remo et al. [13] have employed an 

inverse dynamics based fuzzy controller to obtain tracking and deflection control of 

single-link  flexible manipulator. The controller in [13] generated the control action 

(torque) by summing up the contributions of two different FLCs i.e. one for the joint 

angle and the other for tip position. Recurrent neural networks have been employed in 

[14] to approximate the dynamics of a constrained flexible manipulator with uncertainty 

for hybrid position and force control. 

 



Also, fuzzy logic and neural network techniques have been used in [15] to develop an 

adaptive self-organizing neuro-fuzzy controller for tip position tracking control of a 

single link flexible manipulator where fuzzy rules are generated during the control 

process using on-line neural network algorithm. The adaptive neuro-fuzzy controller 

proposed in [16] has been attributed several advantageous features namely self-

organizing fuzzy rules generation, fast on-line learning, fast convergence and self-

adaptive in presence of disturbances.  

 

A fuzzy vector approach has been applied [17] to search the direction of the constraint 

surface of an unknown object so that an end-effector of a robot manipulator could 

efficiently follow the contour of an object. Further, a TSK type fuzzy-neural network 

control scheme has been developed in [18] for joint position control of n-link robot 

manipulator in which a five-layer fuzzy neural network has been trained using an 

adaptive tuning laws based on Lyapunov stability theorem. The neuro–fuzzy control for a 

robotic manipulator proposed in [19] has used the fuzzy dynamic model of the robot 

manipulator derived from input-output data from the robot control process and then the 

fuzzy model parameters are modified on-line thus making it a truly adaptive controller. A 

distributed in the sense of importance degrees of output variables of the system has been 

proposed for a flexible link manipulator in [20]. In this distributed fuzzy controller the 

two velocity variables which have higher importance have been grouped together as the 

inputs to the velocity FLC while the two displacement variables which have lower 

importance degrees have been used as the inputs of the displacement FLC. The resultant 

fuzzy control action has been obtained by summing up the contributions from these two 

FLCs. 

 

After successfully dividing the complex dynamics of a flexible link robot by using the 

singular perturbation approach into a two-time scale slow subsystem and a fast 

subsystem, a two-time scale fuzzy controller has been developed for the slow-subsystem 

for trajectory tracking and a linear quadratic regulator (LQR) fast subsystem controller 

for damping of link deflections [21]. Adaptive control for flexible link manipulator has 

been achieved by using a dynamical time-delay neuro-fuzzy controller [22]. The time-

 



delay neuro-fuzzy networks have been designed with a rule representation in TSK fuzzy 

system structure. The neuro-fuzzy controller for co-operative control of two robots has 

been designed by training the neural network with model predictive control signal via 

back propagation [23]. This neural-network provides optimal parameters of the fuzzy 

logic controller. Apart from neural network, other soft computing technique such as the 

genetic algorithm (GA) has been exploited to improve the FLC performance for flexible 

link and join manipulator [24].  

 

Although, intelligent techniques such as neural-network, fuzzy-logic and genetic 

algorithm have been applied successfully applied to a large number of robotic 

applications as described above their applications to multi-link flexible manipulators, 

although a good number of research investigations focused on single link flexible 

manipulator tracking and position control together with damping link deflections[6-15]. 

Further in the work of single link flexible manipulator tip position control [5-7], only a 

simple two-input and one output fuzzy logic controller (FLC) was applied. Such a simple 

fuzzy controller is suitable in the case of single-link flexible manipulator, as there is no 

inter-link coupling due to rigid and flexible motion between the links. However, for a 

manipulator with many flexible links, it is difficult to model the non-linear characteristics 

of the coupling effects between links that have both rigid and flexible motion dynamics. 

In the past, control of such a complex multivariable system has been approached by using 

the model-free feature of fuzzy systems, such as the work on a two-link flexible 

manipulator described in [11] in which fuzzy control is exploited to compensate for the 

interaction between the links. In order to compensate for the interaction between the 

loops, this work proposed a fuzzy logic control (FLC) strategy, where the inputs to the 

fuzzy logic controller for link 2 comprised of its own joint position and tip acceleration 

information along with the tip acceleration coming from the first link. It was found that 

this coupled FLC performed better than an uncoupled FLC in which no information from 

the first link is used in the control of the second link. However, because the coupled FLC 

increased the number of inputs used for the second link fuzzy control loop, the effective 

size of the rule base was increased. This is because the size of the rule base is related to 
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the number inputs as  , were F and N denote the number of fuzzy sets used for each 

input and the number of input variables respectively.  

NF

 

Thus the motivation of the present work was to address the limitations difficulties of 

fuzzy controller described in [11]. In recent years, a combined framework of fuzzy logic 

and neural network systems has been found to be suitable for controlling complex multi-

input and multi-output (MIMO) systems [1, 25-28]. Motivated by various successful 

applications of combined fuzzy logic and neural network schemes to control other 

complex multivariable systems, this paper describes the supplementation of a fuzzy logic 

system with a neural network in order to achieve effective tip regulation performance in a 

multi-link flexible manipulator. In the hybrid fuzzy neural control (HFNC) scheme 

proposed, the primary loop consists of a fuzzy logic controller. A radial basis function 

neural network (RBFNN) is employed in the secondary loop to compensate for the 

coupling effects due to the rigid and flexible motion along with the inter-link coupling 

effects. The weights between the hidden and the output layers of the RBFNN used in this 

control scheme are adjusted on-line by a normalized least mean square (NLMS) 

technique [29]. To resolve the problem of storing a huge multi-dimensional rule matrix as 

in [11], an alternative way of implementing the FLC is adopted in this paper. The 

performances of the proposed HFNC scheme are compared with those of a multivariable 

fuzzy controller and a Lyapunov-based PD controller [30] that uses joint position, 

velocity and tip acceleration feedback signals. 
 

The main contributions of the paper are as follows:  

i. The development of a new hybrid fuzzy neural controller for a very complex 

multivariable system i.e. a two-link flexible manipulator which can be easily extended 

to control a multi-link flexible manipulator and other multivariable systems of similar 

complexity. 

ii. Unlike most of the research works on addressing the control difficulties for a single-

link flexible manipulator, the present work developed a hybrid fuzzy neural controller 

for a more complicated dynamical system i.e. a multi-link flexible manipulator and the 

controller performances have been verified for a two-link flexible manipulator case 
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study. 

iii. A new data handling procedure for handling multi-dimensional array of fuzzy rules has 

been developed. This implementation has the ability to handle rule matrices of arbitrary 

dimension. 

 

The rest of the paper is organized as follows. A review of soft computing techniques has 

been included in Section 2. A Lyapunov stability based control for a multi-link flexible 

manipulator has been presented Section 3. Section 4 describes about the design of 

multivariable fuzzy controller for tip position control of a multi-link flexible manipulator. 

A new hybrid fuzzy neural control scheme has been designed in section 5. 

Implementation of the above controllers, results and discussions are provided in Section 

6. Section 7 concludes the work. 
 

2 Review of soft computing techniques 

Soft computing, a collection of fuzzy logic technique, neural-networks, evolutionary 

computation techniques has proven to be a powerful tool for adding autonomy to many 

complex systems [31]. These soft computing techniques excel over classical control 

methods in many aspects, such as algorithm simplicity and tolerance for imprecision. 

Fuzzy control deals effectively with a noisy and imprecise environment. The knowledge 

from a human operator is embedded into rules of the fuzzy controllers, which efficiently 

increases their robustness against noise and parameter variations. An excellent recent 

survey on analysis and design methods of model based fuzzy control systems has been 

provided in [32]. It is believed that the different fuzzy methods such as Takagi-Sugeno 

provide a systematic approach to analysis and design of model based fuzzy control 

systems and in turn analysis of the fuzzy controller stability. Combined use of fuzzy 

logic, neural networks, as well as other control algorithms has been recognized as 

promising approaches to develop intelligent control of many complex uncertain 

dynamical systems [6–8]. Neural network provides learning ability using the nonlinear 

optimization algorithm such as back propagation training method and many other fast 

learning algorithms such as Levenberg Marquardt technique. It has also been 

demonstrated that neural networks are well suited to the control of complex dynamical 
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systems [1]. The principle of neuro-control is based on a learning and function 

approximation capability. The learning characteristics of neuro-controllers in a changing 

operating environment distinguish them from classical controllers with invariant 

structures and parameters and thus enable them to provide better results. Good overviews 

of recent research work on neuro-control are given in [13, 15] and the use of genetic 

algorithms for optimising the parameters of diverse kinds of controllers is reviewed in 

[1]. NNs and GAs are also combined with fuzzy-logic-based schemes to enhance 

adaptation and learning ability [1]. The combination of fuzzy logic and neural networks 

to form more intelligent control systems is a particularly popular research topic [1, 28, 

29]. Soft computing approaches have been successfully exploited to design intelligent 

controllers for a number of robotic applications [32]. 
 

3 Proportional Derivative and Acceleration Feedback Controller 

Fig.1 shows the structure of the Proportional Derivative and Acceleration Feedback 

Controller (PDAC) for tip position regulation of a multi-link flexible manipulator. 
 

The control structure for the ith link loop is obtained by utilizing three variables of the 

manipulator which are the joint angle iθ , its rate  and the tip acceleration, . The 

closed-loop multi-link flexible manipulator system is stable with application of n control 

torque signals given by 

iθ tia

τττθθθθ datakktktu ti

t

itiaiivdiipii )()()(])([)(
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where τ  is a dummy time variable,  is the tip acceleration signal of the ith link, tia diθ  

and iθ  are respectively the desired and actual joint positions of the ith joint,  is the 

torque generated by the ith actuator,  are the proportional and derivative 

control gains and  is the controller gain related to tip acceleration. It is assumed that 
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Fig.1 Structure of the Proportional Derivative and Acceleration Controller 

 

Let  be a Lyapunov function as chosen in [11] given by vL

2

0

2 ])()()[(5.0])([5.0 τττθθθ dataktkEEL ti

t

itiaidiipipkv ∫+−++=                                  (2) 

where ,  are the total kinetic and potential energies of the manipulator. Assuming 

operation of the robot without gravitational influence, the total energy of the multi-link 

flexible manipulator system must be equal to the work done by the n actuating control 

signals, i.e. 

kE pE
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where  are the kinetic and potential energy of the system at the initial time. 

Differentiating equation (3) with respect to time gives: 

00 and pk EE
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The time derivative of equation (1) after substituting equation (4) can be written as 
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Now substituting equation (1) into the above equation gives 
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From equation (6), i

the control torques given in equation (1) guarantees the asymptotic stability of the closed-

) 

he design of a multivariable fuzzy logic controller for a multi-link flexible manipulator 

ke the fuzzy logic controller described in 

t is clear that vL  is negative semi-definite. Therefore, application of 

loop multi-link flexible manipulator system. 

 

4. Multivariable fuzzy logic controller (FLC

T

with rigid joints is discussed in this section. Unli

[8,9], a greater number of input and output variables are used because each output 

variable ( nii ,.....,2,1, =θ ) in the multi-link flexible manipulator is actively influenced by 

more than one control input ( niu ,.....,2,1,i = ). Therefore, to handle this situation, a 

multivariable f  is designed for this MIMO system. Nevertheless, the 

intended FLC also consists of th ic blocks as in a multi-input single output 

(MISO) FLC, namely, fuzzifier, rule sets of fuzzy rule description, inference engine, 

defuzzifier and the scaling unit. The design of this MIMO FLC can be accomplished by 

considering a parallel scheme involving individual MISO FLCs [33, 34].  

 

Therefore, it now becomes simpler to use the design procedure for the 

uzzy controller

e same five bas

two inputs and 

ngle output fuzzy logic controller described in [7] to develop a multi-input and single si

output fuzzy logic controller to be applied to a multi-link flexible manipulator. The same 

compositional rule of inference scheme [33] is used here to obtain the fuzzy inference. 

But in this case, the minimum of all the membership functions corresponding to three 

antecedent variables is taken first. Then, a maximum operation is applied. The structure 

of the coupled MIMO FLC for a multi-link flexible manipulator with rigid joints is 

shown in Fig.2. 
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Fig.2 Structure of the Coupled MIMO FLC 
 

In Fig.2, two consecutive links (i and i+1) are considered. The inputs to the FLCi 

consist of the joint angle error ( idiie θθ −= ) and the tip-acceleration signal, . The 

scaling factors related respectively to tracking error, tip acceleration and the output 

torque signals for the ith FLC are ,  and . As the effect of the tip acceleration 

signal of the ith link significantly affects the tip position of the (i+1)th link [8], the 

(i+1)th FLC takes an additional input (i.e. the tip acceleration of the ith link) in addition 

to its own joint position error and tip-acceleration. A scale factor  is used for this 

additional signal normalization in FLCi+1. The purpose of using these scale factors is to 

convert the actual variables into their respective normalized universe of discourse in the 

range [-1.0, 1.0] with view to achieve computational simplicity. 

tia

pik aik tik

ck

 

5. Hybrid fuzzy neural control scheme (HFNC) 

Whilst the back-propagation algorithm is commonly used for training multi-layer 

perceptron (MLP) neural networks, it can lead to problems of local minima and slow 

convergence and is therefore best suited to control applications where off-line training is 
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possible [26]. It is therefore necessary to consider alternative neural networks such as 

cerebellar model articulation controller (CMAC) and B-Spline [29]. These have fixed 

mappings between the input layer and the hidden layer, and the only adjustable 

parameters are the connecting weights between the hidden layer and the output layers. 

This topology allows use of a linear optimisation approach in the parameter space rather 

than the non-linear optimisation approach used for MLP’s, resulting in the achievement 

of much faster convergence to a global solution. 

 
Fig. 3 Structure of Hybrid Fuzzy Neural Scheme 

The radial basis function neural network (RBFNN), whose complexity lies midway 

between that of MLP and B-Spline networks, can be used to obtain the relative benefits 

of both these networks. Although the nonlinearities of RBFNN schemes have global 

support, the energy of the basis function is mostly local and the parameters between the 

input and the hidden layers are fixed. Therefore, linear optimisation schemes can be used 

for a RBFNN to minimize the training cost function, thus enabling on-line convergence 

to a global minimum. The hybrid fuzzy neural control scheme adopted (Fig.3) therefore 

uses a RBFNN to compensate the dynamic coupling effect of a multi-link flexible 
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manipulator system. 

The net torque  for the ith actuator is: iu

Finnii uuu +=                                                 (7) 

where  is the control action generated by ith fuzzy system. Fiu

 

5.1 Training of radial basis function neural network 

The centres and widths of the Gaussian functions are kept fixed during the training of the 

RBFNN, producing a fixed mapping between the input and the hidden. The output 

weights of the RBFNN can be updated using any instantaneous learning algorithms such 

as least mean square (LMS) or normalised least mean square (NLMS) techniques. In 

LMS, the weight vector is updated as: 

)()()1( tatetww inetii η′+−=                             (8) 

where  is the output of the ith Gaussian function, ia η′  is the learning rate,  is the 

vector of output weights, and  is the vector of error signals between the desired neural 

network outputs and the actual outputs. 

iw

nete

In the case of the NLMS algorithm, the magnitude of the weight change is 

normalized by the magnitude of the transformed input vector and the learning rule for the 

weights is: 

)()(
)(

)()1(
tata

ta
tetww T

i
netii η+−=                                          (9) 

Comparing Eq.s (8 and 9), it is clear that the NLMS learning rule is equivalent to the 

LMS algorithm when t
ta
enet ∀
′

= 2

2
)(

η
η . Therefore, the search directions of the weight 

updates are the same in both training algorithms but the step sizes are different. Thus, 

NLMS gives more stable learning with bounded weights and a faster convergence can be 

achieved [29]. For this reason, the NLMS technique was used to adjust the weights 

between the hidden-layer and the output layer of the RBFNN. 

Unfortunately, as the desired network outputs are not known,  required in Eq. 

(9) cannot be calculated. A solution to this is to approximate  from the error 

nete

nete
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)(te obtained from the difference between the actual and desired position of the 

manipulator: 

⎥
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te
dii
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                                                                                            (10) 

The learning rate η  is kept fixed during the training process, but its correct choice is 

important to the speed of the NLMS training. 
 

6. IMPLEMENTATION OF, RESULTS AND DISCUSSIONS 

The performance of the multivariable fuzzy control (FLC) and hybrid fuzzy 

neural control (HFNC) schemes developed were compared for a two-flexible-link robot 

manipulator (Fig.4) using the parameters given in Table 1 [35, 36]. 
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Fig.4 Schematic Diagram of a two-link flexible robot manipulator 
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Table 1 Parameters of the manipulator 

Parameter Value 

Mass density (ρ) 0.2 Kgm-1

Flexural rigidity(EI) 1.0 Nm2

Length (l) 0.5m 

Rotor and hub Inertia(Ir) 0.02 Kgm2

Payload mass (Mp) 0.1 Kg 

Payload Inertia (Ip) 0.005 Kgm2

Damping constants  

(d11, d12, d13, d14) 

0.015, 0.02, 0.015, 0.02 

 

For the purpose of comparison, a conventional, Lyapunov-based, PD adaptive 

controller (PDAC) [30] was also simulated. For the simulation, the initial conditions for 

the joints and flexible co-ordinates of the manipulator were assumed to be zero, i.e. 

[ ]00=θ , ,  and [ ]00=θ [ 00=q ] [ ]00=q . The manipulator was commanded to 

move from an initial position [ ]Ts 00=θ  to a final position 
T

d ⎥⎦
⎤

⎢⎣
⎡=

64
ππθ  rad. 

 

6.2 Design of PD adaptive controller (PDAC) 

To determine the gains of PDAC, let the flexible links be assumed rigid. Then, applying 

joint PD control leads to the following rigid motion error equation [30]: 

0)()()( =++ tektekteI ipiiviiei  .2,1=i                                                                        (11) 

where denotes the equivalent inertia of the ith joint, eiI diiie θθ −= . The gains of the 

PDAC were determined using the following formulas. 

⎪⎭

⎪
⎬
⎫

=

=

nieivi

nieipi

Ik

Ik

ω

ω

2

2

                                                                                                            (12) 

where niω is the natural frequency of the ith link. Using Eq. (14) with 

sec/5.11 radn =ω  and sec/5.12 radn =ω ,  and , 

the gains of the PD control were found as: 

2
1 15883.0 kgmIe = 2

2 1338.0 kgmIe =

3573.01 =pk , 3011.02 =pk ,  and 

. The controller gains ,  were set as: 

4765.01 =vk

40.02 =vk 1ak 2ak 5.11 =ak and  after 0.32 =ak
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manual tuning to achieve good performance. 
 

6.3 Design of multivariable fuzzy logic controller (FLC) 

In the design of the multivariable FLC, triangular membership functions on a normalised 

universe of discourse of the input and output variables were used, as shown in Figs. 5 and 

6. 

NVB NB NM ZE PSPZ PM PBNS NZ PVB

-1.0 1.0
0

(.)μ

 

Fig. 5 Membership Functions for the first  FLC Input and Output variables 

NB NM NS PS PM PBZE

-1.0    0 1.0

(.)μ

 
Fig. 6 Membership Functions for the Second FLC Input and Output variables 
 

For the first FLC, the fuzzy term set for the input variables ( , ) ) and output 

variable 

)(1 te (1 tat

)(1 tθ  was assumed to have same cardinality of 11 as: 

, where NVB, NB, NM, NS, NZ, 

ZE, PZ, PS, PM and PB denote Negative Very Big, Negative Big, Negative Medium, 

{ }PVBPBPMPSPZZENZNSNMNBNVBF ,,,,,,,,,,=
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Negative Small, Negative Zero, Zero, Positive Zero, Positive Small, Positive Medium 

and Positive Big respectively. For the second FLC, there are three inputs and, to keep the 

rule base to a reasonable size, 7 fuzzy sets were used for the inputs ( ,  and 

) and output,

)(2 te )(1 tat

)(2 tat )(2 tθ  such that { }PBPMPSZENSNMNB ,,,,,,=F , where NB, NM, 

NS, ZE, PS, PM and PB denote Negative Big, Negative Medium, Negative Small, Zero, 

Positive Small.  The decision-making fuzzy IF-THEN rules are necessary for successful 

operation of the fuzzy control system, but their derivation is very difficult. There are 

many possible ways to derive these fuzzy control rules [33,34], but in this case general 

control engineering intuition was used to derive the rules [11] in the following manner. 

For the first link, if there is a positive error i.e.,  and a positive 

acceleration , then the controller will input a positive torque  for this 

situation, so that the link is not properly aligned but is moving in the proper direction. As 

the error and the acceleration decrease, the controller applies smaller torque to avoid 

overshoot. Table 2 gives the complete listing of the rule set for the first link FLC. Similar 

rules were derived for the second link, although it should be noted that the second FLC 

involves the tip acceleration of the first link. Therefore, the rule base is a three-

dimensional array. This is shown in parts through Table 2 to 10. 

0)(1 >te

0)(1 >tat 01 >u

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 17



Table 2 Coupled FLC Rule Base for the First Link  

Torque Position Error 

Tip Acc. NVB NB NM NS NZ ZE PZ PS PM PB PVB 

NVB NVB NVB  NVB  NB NB NM NM NS NS NZ ZE 

NB NVB  NVB  NB NB NB NM NS NS NZ ZE PZ 

NM NVB NB NB NM NM NS NS NZ ZE PZ PS 

NS NB NB NM NM NM NS NZ ZE PZ PS PS 

NZ NB NM NM NS NS NZ ZE PZ PS PS PM 

ZE NB NM NS NS ZE ZE ZE PZ PS PM PB 

PZ NM NS NS NZ ZE PZ PS PS PM PM PB 

PS NS NS NZ ZE PZ PS PS PM PM PB PVB 

PM NS NZ ZE NS PS PS PM PM PB PB PVB 

PB NZ ZE PZ NM PS PM PM PB PB PVB PVB 

PVB ZE PZ PS PB PM PM PB PB PVB PVB PVB 

 

Table 3 Coupled FLC Rule Base for the Second Link, 

corresponding to First Link Tip Acceleration (NB)  

Torque Second Link Tip Acceleration 

Error NB NM NS ZE PS PM PB 
NB NB NB NB NM NM NS ZE 

NM NB NB NM NS NS ZE PS 

NS NB NM NM NS ZE PS PS 

ZE NM NM NS ZE PS PM PM 

PS NM NS ZE PS PS PM PM 

PM NS ZE PS PS PM PM PM 

PB ZE PS PS PM NM PM PB 
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Table.4 Coupled FLC Rule Base for the Second Link, corresponding to 

First Link Tip Acceleration (NM)  

Torque Second Link Tip Acceleration 

Error NB NM NS ZE PS PM PB 

NB NB NB NB NM NM NS ZE 

NM NB NB NM NS NS ZE PS 

NS NB NM NM NS ZE PS PS 

ZE NM NM NS ZE PS PM PM 

PS NM NS ZE PS PS PM PM 

PM NS ZE PS PS PM PM PM 

PB ZE PS PS PM PM PM PB 

 

Table 5 Coupled FLC Rule Base for the Second Link, corresponding to First 

Link Tip Acceleration  (NS)  

Torque Second Link Tip Acceleration 

Error NB NM NS ZE PS PM PB 

NB NB NB NB NB NM NS ZE 

NM NB NM NM NM NS ZE PS 

NS NM NM NM NS ZE PS PS 

ZE NM NM ZE ZE ZE PS PM 

PS NM NS ZE PS PM PM PB 

PM NS ZE PS PM PB PB PB 

PB ZE PS PM PM PB PB PB 
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Table 6 Coupled FLC Rule Base for the Second Link, corresponding to First 

Link Tip Acceleration  (ZE)  

Torque Second Link Tip Acceleration 

Error NB NM NS ZE PS PM PB 

NB NB NB NB NB NB NM ZE 

NM NB NB NB NB NS ZE PS 

NS NB NM NM NS ZE PS PM 

ZE NM NS ZE ZE ZE PS PM 

PS NM NS ZE PS PM PM PB 

PM NS ZE PM PM PB PB PB 

PB ZE PS PM PB PB PB PB 

 

Table 7 Coupled FLC Rule Base for the Second Link, 

corresponding to First Link Tip Acceleration  (PS)  

Torque Second Link Tip Acceleration 

Error NB NM NS ZE PS PM PB 

NB NB NB NB NM NM NS ZE 

NM NB NB NM NM NS ZE PS 

NS NB NM NM NS ZE PS PM 

ZE NM NS ZE ZE ZE PS PM 

PS NM NS ZE PS NM PB PB 

PM NS ZE PS PM NB PB PB 

PB ZE PS PM PB NB PB PB 
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Table 8 Coupled FLC Rule Base for the Second Link, 

corresponding to First Link Tip Acceleration (PM)  

Torque Second Link Tip Acceleration 

Error NB NM NS ZE PS PM PB 

NB NB NM NM NS NS NS ZE 

NM NB NM NM NS NS ZE PS 

NS NM NM NS NS ZE PS PM 

ZE NM NS NS ZE PS PS PM 

PS NS NS ZE PS PS PM PB 

PM NS ZE PS PS PM PB PB 

PB ZE PS PM PM PB PB PB 

 

Table 9 Coupled FLC Rule Base for the Second Link, 

corresponding to First Link Tip Acceleration (PB)  

Torque Second Link Tip Acceleration 

Error NB NM NS ZE PS PM PB 

NB NM NM NM NS NS NS ZE 

NM NM NM NS NS NS ZE PS 

NS NM NM NS NS ZE PS PM 

ZE NM NS NS ZE PS PS PM 

PS NS NS ZE PS PS PM PM 

PM NS ZE PS PS PM PM PB 

PB ZE PS PS PM PM PB PB 
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Table 10 Coupled FLC Rule Base for the First Link  

Torque Position Error 

Tip 

Acc. 

NVB NB NM NS NZ ZE PZ PS PM PB PVB 

NVB NVB NVB NB NB NM NM NS NB NM NZ ZE 

NB NVB NB NB NM NM NM NZ NM NS ZE PZ 

NM NB NB NM NM NM NM ZE NS ZE PZ PS 

NS NB NM NM NM NS NS PZ ZE PS PS PS 

NZ NB NM NM NS NS NZ PS NS PZ PS PM 

ZE NB NM NS NZ ZE ZE PS NM PS PM PB 

PZ NM NS NS NZ ZE ZE PM PB PS PM PB 

PS NS NS NZ ZE PZ NS PM ZE PM PM PB 

PM NS NZ ZE PZ PS NS PM NS PM PB PB 

PB NZ ZE PZ PS PS NM PB NM PB PB PVB 

PVB ZE PS PS PS PM NM PB PB PB PVB PVB 

 

It may be noted here that the rules are shown in multi-dimensional arrays to 

achieve clarity in presentation. But, as indicated in the introduction, an alternative way of 

storing rules in a multi-dimensional array of fixed dimension was adopted with index 

information to specify the location in a virtual multi-dimensional array. Using this 

approach, it is necessary to store only the array entries that are actually used rather than 

the full array. The rule entries are stored consecutively and the order in which they are 

stored is not important. For example, the first rule may refer to a location (3, 2,1) in a 

virtual rule matrix and the next consecutively stored rule may refer to location (3,1,1). 

The data structure used for the rules of the fuzzy system in the C programming language 

is given in Fig.6. The one-dimensional array inp_ind holds the index values for the input 

variables. The one-dimensional array in_fuzset holds the index values for the 

corresponding fuzzy sets. These are the index values that specify the location in the 

virtual rule matrix. Therefore, for a small price in storing the index information in this 

way, there is a huge benefit in flexibility and ease of implementation of the fuzzy system. 

This implementation has the ability to handle rule matrices of arbitrary dimension. 

A compositional rule of fuzzy inference was used to compute the outcome of each 

fuzzy rule. A centre of gravity (COG) defuzzification method [33, 34], was used to 
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convert the results of fuzzy inference to crisp control action. The coupled fuzzy controller 

gains were set by a manual tuning strategy similar to that described in [2]: , 

, , , 

75.01 =ek

15.01 =ak 0.51 =tk 55.02 =ek 19.02 =ak , 58.012 =ak , 35.0=ck  and . 5.32 =tk

 

6.4 Implementation of hybrid fuzzy neural control scheme (HFNC) 

In this case, the rule base for the first link is assumed to be the same as for the coupled 

FLC (Table 1). However the rules for the second link, as shown in Table 9, are different. 

The FLC gains used in HFNC were set as: 8.01 =ek , 05.01 =ak , , 5.51 =tk 6.02 =ek , 

 and . Corresponding to the two position error signals and two 

compensating control signals, the input and output layer of the RBF neural network 

comprised of two nodes each. 100 nodes were chosen for the hidden layer. The learning 

rate for the weight tuning algorithm given in Eq. (14) was set to be 0.7 and this algorithm 

was implemented by using a trapezoidal integration method with a step size of 5 ms. 

9.02 =ak 0.42 =tk

The inputs to the RBFNN were normalized in a two-dimensional input space 

. The centers of the RBFs were placed uniformly throughout the input 

space. For each basis function, the width parameter was chosen to have a value of 0.5. 

]1,1[]1,1[ −×−

 

typedef struct  

{ 

int inp_ind [MAXIN]; 

in_fuzset [MAXIN]; 

out_fuzset; 

} rule; 

Fig.7 Data Structure for Rule Matrix 
 

6.4 Comparison of controller performance 

It can be observed from the joint motion trajectories of link1 shown in Fig.8(a), that 

HFNC has the fastest rise time and the PDAC the slowest. The PDAC also has the largest 

overshoot, whilst there is negligible overshoot with HFNC. The joint motion curve of 

PDAC shows a small steady state error but there are no steady state errors with either 

FLC or HFNC. Fig.8(b) and 8(c) show that the amplitudes of the first and second modes 
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of vibration for link1 are largest for PDAC and smallest for HFNC. 

 

0 5 10
0

0.2

0.4

0.6

0.8

1

Time (sec)

Jo
in

t P
os

iti
on

 (r
ad

)

PDAC
FLC
HFNC

PDAC
FLC
HFNC

0 5 10
-0.3

-0.2

-0.1

0

0.1

0.2

Time (sec)

Fi
rs

t M
od

e 
(m

)

PDAC
FLC
HFNC

0 5 10
-4

-2

0

2

4

6
x 10-3

Se
co

nd
 M

od
e 

(m
)

Time (sec)

PDAC
FLC
HFNC

0 5 10
-0.06

-0.04

-0.02

0

0.02

Time (sec)

Ti
p 

D
ef

le
ct

io
n 

(m
)

PDAC
FLC
HFNC

(a) (b)

(c) (d)
 

Fig. 8 Comparison of Joint Position, Modes of Vibration and Tip Deflection Trajectories 

of Link 1  
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Fig. 9 Comparison of Tip Position Trajectories for the First Link  
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Fig.10 Comparison of Torque Profiles of the Control Schemes for the First Link 
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Fig.11 Comparison of Joint Position, Modal Vibration and Tip Deflection Trajectories of 

Link 2  
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Fig. 12 Comparison of Tip Position Trajectories for the Second Link  
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Fig. 13 Comparison of Torque Profiles of the Control Schemes for the Second Link  

 

Also, HFNC also takes the least time to damp out these modal vibrations. Fig.8(d) shows 

that the tip deflection is corresponding is greater for PDAC compared to that for FLC and 

HFNC because of the excitation of both modes of vibration. It can be observed from the 

tip position trajectories given in Fig.10, that the link achieves a stable tip motion with 

HFNC and FLC without causing excessive vibration, while there is significant vibration 

in the case of PDAC. The uncoupled nature of the PDAC control strategy is the probable 

reason for the overshoot and vibration appearing in the trajectories. Fig. 10 compares the 

profiles of control torques generated for the first joint with these control schemes. The 

maximum  values of joint torques are 1.1 Nm, 0.85Nm and 0.78 Nm respectively for 

HFNC, FLC and PDAC. Whilst the maximum control torque is a little greater for HFNC 

compared with the requirement of FLC and PDAC, this is acceptable in view of the better 

tip regulation performance of HFNC. 

The second link motion control performances for HFNC, PDAC and FLC  are 

given in figures 11 and 13. It is clear from the joint position trajectories shown in 
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Fig.11(a) that the rise time is fastest for HFNC and slowest for FLC. Overshoot is 

greatest with PDAC whereas FLC gives no overshoot. The first and second mode 

oscillations are greatest with PDAC and least with HFNC (Fig.11(b) and Fig. 11(c)). 

Because of this, PDAC gives the largest magnitude of tip deflection and takes more time 

to dampen the oscillations as compared to FLC and HFNC. HFNC damps out the tip 

deflection in the smallest time (Fig.11(d)). The tip position trajectories given in Fig.12 

show that PDAC has the largest overshoot, while there is no overshoot in case of FLC. 

While HFNC has a small overshoot, it has the smallest amplitude of vibration compared 

to both PDAC and FLC. Therefore, it is clear that HFNC is the best control algorithm for  

tip positioning. The control torque signals of the controller are given in Fig.13. Like the 

first joint, the second joint in the case of HFNC also requires a little more energy for 

achieving the effective tip positioning compared to both PDAC and FLC. 

 

7. CONCLUSIONS 

The paper has developed a hybrid fuzzy neural control scheme for a two-link flexible 

manipulator and has compared the tip positioning control performance with that of a 

Lyapuvnov based PD controller and a multivariable fuzzy controller. The tip acceleration 

signal augmented to a joint PD control for a single-link flexible arm has been extended to 

a multi-link flexible manipulator, and its stability property has been verified using the 

Lyapuvnov theory. By using tip acceleration feedback, better vibration control was 

achieved but, due to the uncoupled nature of the control (no information from the other 

link was used in generating the control action), a little degradation in the tracking 

performance was observed. The multivariable fuzzy controller performs better than 

PDAC because it does consider the coupling effect, but implementation is difficult 

because of the large number of rules and the number of scaling factors to be tuned. The 

hybrid fuzzy neural control, in which a radial basis function neural network is 

supplemented by a conventional fuzzy logic controller compensates for the coupling 

effects between the links produces better performance. The implementation of the HFNC 

scheme requires joint position and tip acceleration information, but these can be obtained 

in a practical implementation using easily available position sensors and accelerometers. 

Since the fuzzy logic controller for each channel is used only for the primary control, the 
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coupling NN provides the necessary control torque to compensate for the coupling 

effects. As the learning time of RBFNN depends greatly on faster execution of the FLC, 

an efficient implementation of FLC has therefore been adopted. The scale factor tuning 

for HFNC is easier than for FLC, as observed during simulation. 

The stability of the fuzzy neural network control scheme has been ensured by 

normalizing the inputs to the neural network such that they are kept within the range of 

. The scheme is also stable during its operation, because the neural network has not 

been placed directly within the feedback loop. Rather, the NN controller simply 

supplements the FLC, which performs the major control in the primary loop. The 

resulting hybrid fuzzy neural control scheme provides good tip regulation performance as 

discussed in section 6. 

1±
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